GEOMETRIC INVERSE PROBLEMS ON ANOSOV MANIFOLDS

THIBAULT LEFEUVRE

ABSTRACT. We survey some recent progress on geometric inverse problems on closed Anosov
manifolds i.e. compact Riemannian manifolds without boundary for which the geodesic flow
is uniformly hyperbolic on the unit tangent bundle, such as negatively-curved manifolds.
These geometric inverse problems include:

e The study of the geodesic X-ray transform which consists in reconstructing a function
(or a symmetric tensor) from the knowledge of its integral along closed geodesics,

e The marked length spectrum conjecture (also known as the Burns-Katok [BK85] conjec-
ture) and related topics which aim to investigate whether the length of closed geodesics
(marked by the free homotopy of the manifold) of a Riemannian space determines the
metric,

e The holonomy inverse problem, which investigates whether the holonomy of a connec-
tion along closed geodesics determine the connection.

All these questions bring together various fields such as Riemannian geometry, uniformly
hyperbolic (or Anosov) dynamical systems, Pollicott-Ruelle theory of resonances and mi-
crolocal /semiclassical analysis, and borrow the most recent technologies of these fields. The
main ideas of proofs are given and the technical tools are presented in order to make the
exposition self-contained.
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1. INTRODUCTION

1.1. Historical background. Geometric inverse problems have a long history, going back
maybe to the seminal paper of Kac “Can one hear the shape of a drum" [KacG6|, where the
following question is asked: does the spectrum of the Laplacian A4 on a smooth Riemannian
manifold (M, g) determine its Riemannian' structure? Shortly after (and even before!), this
question was answered in a negative way as Milnor [Mil64] exhibited pairs of isospectral tori
which are not isometric. Nevertheless, it was conjectured for a long time that in negative
curvature, due to the chaotic properties of the geodesic flow, the Laplace spectrum should be
sufficient to determine the manifold. It was actually proved to be false, as Vigneras [Vig80|
exhibited pairs of hyperbolic surfaces that are isospectral but not isometric. Even in the plane,
isospectral non-isometric domains were found [GWWO92| but these are piecewise smooth and
is not known yet if such a spectral rigidity result holds for smooth domains. Nevertheless,
spectral rigidity holds for disks and ellipses of small eccentricity by a recent result [HZ19]. We
also refer to the survey of Zelditch [Zel04] for further discussions on inverse spectral problems.

Building on these spectral considerations, the general philosophy behind geometric inverse
problems is to recover a complete geometric data (such as a metric, a connection, a potential,
a Higgs field, ...) from the knowledge of certain partial quantities (also called measurements)
such as the Laplace spectrum, the length of closed geodesics, the holonomy of connections
along closed orbits, etc. There are many geometric contexts in which one can phrase such
problems and this survey is focused on closed Anosov manifolds: these are compact Riemann-
ian manifolds without boundary on which the geodesic flow (on the unit tangent bundle) is
uniformly hyperbolic (also called Anosov in the literature), see (2.4). A typical (and histor-
icall) example is provided by manifolds with negative sectional curvature [Ano6G7|. These
flows have very chaotic properties such as a strong sensitivity to initial conditions. Moreover,
closed geodesics (which correspond to closed orbits of the geodesic flow) are dense and one can
legitimately expect these to carry important dynamical information. In the inverse problems
studied in this survey, the question will be to understand to what extent one can recover a
global geometric object (like a metric) from partial information carried by closed geodesics
(their length, for example).

This topic has enjoyed considerable progress in the past forty years. In the early 80’s,
Guillemin-Kazhdan [GK80a, GK80b]| initiated a new turn in the field by showing the infini-
tesimal spectral rigidity of negatively-curved surfaces: given a Riemannian manifold (M, g), it
is said to be infinitesimally spectrally rigid if any isospectral deformation (gx)xe(—1,1) of the
metric (such that gy = g), i.e. such that spec(Ay, ) = spec(4y), is isometric to g in the sense
that there exists an isotopy (¢x)ae(—1,1) such that ¢3gx = g. The proof (which will be given in
§7.2) is somehow exemplary of what we will be concerned about in this survey as it combines
elements from three distinct (but of course related!) fields of modern mathematics:

e microlocal analysis, with the use of the Duistermaat-Guillemin trace formula [DG75]

for elliptic operators,
e hyperbolic dynamical systems, with the use of the Livsic Theorem [Liv72],

IKac’s discussion was for smooth domains of R™ but it is rather natural to formulate it for a general smooth
Riemannian manifold.
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e and Riemannian geometry, with the use of a crucial energy identity based on the
Riemannian structure and called the Pestov identity.

This trichotomy will also appear at various places throughout the manuscript.
Following the Guillemin-Kazhdan |[GK80a, GK80b] approach, we will study the following
questions:

(1) Does the integral of a function (or a symmetric tensor field of order m € N) along
closed geodesics determine the function? The underlying operator of integration of
symmetric m-tensors along closed geodesics is called the geodesic X-ray transform,
denoted by I,,, and plays a crucial role in several problems. A vast literature has
been devoted to this question in the past twenty years [GK80a, GK80b, CS98, DS03,
PSU14, PSU15, Guil7a].

(2) Does the length of closed geodesics (marked by the free homotopy of the manifold)
determines the Riemannian structure of (M, g)? This is known as the marked length
spectrum conjecture (or the Burns-Katok |BK85| conjecture). We will see that the
differential of the marked length spectrum is precisely (one half of ) the geodesic X-ray
transform of symmetric 2-tensors Is. As a consequence, proving important analytic
properties (such as stability estimates) on the X-ray transform will yield interesting
(local) rigidity results on the marked length spectrum. This analytic approach was
recently developed in [GL19d, GKL19, GL19b, GL19¢|. Prior to these articles, partial
or complete results of a more geometric flavour can be found in [Kat88, Ota90, Cro90,
BCG95, Ham99|.

(3) Given a vector bundle & — M equipped with a unitary connection ve (not necessar-
ily flat!), does the holonomy of the connection along closed geodesics determine the
connection? This question reveals unexpected difficulties, especially when &£ is not a
line bundle or M is not two-dimensional. In the particular case of line bundles, we
will see that it is connected to the injectivity (modulo a natural kernel) of the X-ray
transform on 1-forms [;. This question, although less renowned (all the references are
essentially contained in the list [Pat09, Patl1, Pat12, Pat13, GPSU16, CL20]), turns
out to be as interesting (if not more!) as the two previous.

The study of geometric inverse problems (on closed Anosov manifolds) can now benefit from
the recent development of the theory of Pollicott-Ruelle resonances for uniformly hyperbolic
flows. This field, going back to earlier work by Ruelle in the 70’s, has led to a considerable
amount of work over the past twenty years [Liv04, BLO7, FS11, FT13, NZ15, DZ16, FT17,
GW17, Je19, GGHW20, TZ20| and is now well-understood: the main idea is to describe the
long-time statistical behaviour of a given dynamical system T defined on the phase space X
thanks to the spectrum (when it can be defined) of its (unweighted) transfer operator, namely:

L:CY%X) = CUX), Lf(x)= > fy).
Ty=x

In order to obtain a true spectrum in C, one usually needs to twist the space and work with
other regularities than continuous functions C°(X). We refer to the recent book [Bal18] for fur-
ther details on this approach. When the system is a uniformly hyperbolic (also called Anosov)
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flow, as defined in (2.4), the modern way to do this is to work with a scale of anisotropic
Hilbert (or Banach) spaces which are spaces of distributions with low regularity in the ex-
panding direction and high regularity in the contracting direction. The spaces constructed
are usually non canonical but the spectrum defined s and is called the set of Pollicott- Ruelle

resonances.
o
S,
|
spectral gap
[ ) L} >
|
|
|
®
|
|
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FiGure 1. Pollicott-Ruelle resonances of the geodesic flow. The existence of a spectral gap
implies that the flow is exponentially mixing with respect to the Liouville measure.

We will apply this toolbox to the specific case of an Anosov geodesic flow, hence the study
of Anosov manifolds. This situation occurs as long as the Riemannian manifold (M, g) ex-
hibits “enough" areas of negative sectional curvature (see [Ebe73| for further details). As the
geodesic flow preserves a canonical contact structure (the Liouville one-form), finer microlo-
cal properties can proved. For instance, the Pollicott-Ruelle resonances are all located in a
half-space {R(z) < —d} (except 0) which is called a spectral gap and implies that the flow is
exponentially mixzing with respect to the Liouville measure [Liv04], see (4.3). They also enjoy
the additional (and remarkable!) property to be concentrated in strips [FT13]. As we will see,
this microlocal perspective on the dynamical properties of the geodesic flow plays a crucial
role in our study, as it allows to describe in a very accurate way the wavefront set (namely the
singularities) of some important integral operators II,,, acting on symmetric m-tensors, called
generalized X-ray transforms, which will replace at some point the classical X-ray transforms
L.

We also point out that much of this theory can be phrased on manifolds with boundary and
has also attracted considerable attention. The natural setting is that of manifolds with strictly
convex boundary, absence of conjugate points and a hyperbolic trapped set, see [Guil7b,
GM18, Lef19, Lef18]. In an even simpler setting, one analogous problem to the Burns-Katok
conjecture is Michel’s conjecture [Mic82] on simple Riemannian manifolds (topological balls
with strictly convex boundary and no conjugate points): it asserts that the boundary distance
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function, namely the Riemannian distance between each pair of points on the boundary,
determines the Riemannian structure of the manifold. Partial attempts to solve this conjecture
can be found in [Gro83, BCG95, CDS00, SU04, BI10]. Although major breakthroughs have
been achieved in the past fifteen years [PU05, UV16, SUV17], it is still open at the moment. It
turns out that some recent work [CEG20] has shown that Michel’s conjecture would actually
be obtained as a corollary of the Burns-Katok conjecture if it were to be proved.

Lastly, let us point out that, although we will adopt a more concise way of writing (es-
pecially by avoiding the use of expressions in local coordinates), much of the basic tools of
geometric inverse problems (such as symmetric tensor analysis) were already developed in
Sharafutdinov’s book [Sha94] on integral geometry. Later, Merry-Paternain [Pat| published
very detailed and accessible lecture notes (with an emphasis on surfaces) to the field which
might be useful for the reader to get familiar with elementary notions. The emphasis of the
current survey is on the most recent developments of the field, namely the recurrent use of
microlocal analysis, especially through the use of techniques from Pollicott-Ruelle theory.

1.2. Organization of the paper. Part 1 introduces many notions and standard results of
Riemannian geometry, hyperbolic dynamical systems and microlocal analysis, which will be
heavily used in Part 2. In Section §2, we recall some elements of Riemannian geometry, in
particular the horizontal and vertical differentials and discuss the case where the tangent
bundle T'M is twisted by a Hermitian vector bundle £. We also introduce the notion of
Anosov Riemannian manifolds and discuss some of their basic properties. In §3, we introduce
tensor analysis on Riemannian manifolds and explain the links with Fourier analysis in the
fibers of the unit tangent bundle SM. In Section §4, we introduce the microlocal framework
allowing to study Anosov dynamics from a spectral point of view. In particular, we define
the notion of Pollicott-Ruelle resonances. For readers who are not familiar with microlocal
calculus, we detailed some of the main results involving pseudodifferential operators that are
used throughout the manuscript in an Appendix A. Eventually, in Section §5, we explain the
Livsic theory of hyperbolic dynamical systems and discuss both some classical and new results
in the light of the microlocal framework of Section §4.

In a second Part 2, we study the so-called geometric inverse problems in the context of closed
Anosov Riemannian manifolds. In Section §6, we study the geodesic X-ray transform from
two perspectives: first of all, from a Riemannian viewpoint by means of an L?-energy identity
called the Pestov identity; second, from a more modern approach using pseudodifferential
operators and Pollicott-Ruelle resonances. In Section §7, we introduce the notion of marked
length spectrum (i.e. the length of closed geodesics marked by the free homotopy of the
manifold) and state the Burns-Katok conjecture; we also present some partial results towards
its resolution. Section §8 is devoted to the study of the holonomy problem. In Section §9, we
sum up all the open questions.

1.3. Acknowledgement. I warmly thank friends, collaborators and colleagues for several
discussions over the past three years which gave birth to this manuscript: Viviane Bal-
adi, Yann Chaubet, Nguyen Viet Dang, Frédéric Faure, Hugo Federico, Livio Flaminio,
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Sébastien Gouézel, Malo Jézéquel, Gerhard Knieper, Benjamin Kiister, Stéphane Nonnen-
macher, Gabriel Riviére, Mikko Salo, Gabriel Paternain, Gunther Uhlmann, Andras Vasy,
Maciej Zworski. I am particularly grateful to Yannick Guedes Bonthonneau, Mihajlo Cekié
and Colin Guillarmou for extensive discussions over the years.
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Part 1. Preliminary tools
2. ELEMENTS OF RIEMANNIAN GEOMETRY

In this first section, we recall some standards elements of Riemannian geometry. We refer
to [Pat99] for further details, especially on the geodesic dynamics. We also refer to [PSU15,
GPSU16] for the details of the computations.

2.1. Horizontal and vertical differentials. Let (M, g) be a smooth Riemannian manifold
of arbitrary dimension n > 2. Denote by

SM = {(x,v) € TM | |vlg = 1},

its unit tangent bundle. We let w# : SM — M be the projection on the base. There is a
canonical splitting of the tangent bundle to SM as:

T(SM)=Ho V& RX,

where X is the geodesic vector field, V := ker dr is the vertical space and H is the horizontal
space” defined in the following way. Consider K : T(SM) — TM; the connection map defined
as follows: consider (z,v) € SM,w € T(,,)(SM) and a curve (—¢,¢) > t = 2(t) € SM such
that 2(0) = (z,v), 2(0) = w; write z(t) = (x(t),v(t)); then K ,)(w) = Viyv(t)|t=0. We
denote by gsa.s the Sasaki metric on SM, which is the canonical metric on the unit tangent
bundle, defined by:

gsas(w,w') == g(dm(w), dr(w')) + g(K(w), L(w")).
Any vector w € T(SM) can be decomposed according to the splitting
w = a(w)X + wy + wy,

where « is the Liouville 1-form?®, wy € H,wy € V. The Liouville 1-form is a contact one-
form given by a(w) = gsas(X,w). It induces a volume form a A (da)"~! which is called the
Liouville measure (by abuse of notations, the density is identified with the volume form). If
f € C®(SM), its gradient computed with respect to the Sasaki metric can be written as:

Veasf = (X)X + Vaf + Vvf,

where % f € H is the horizontal gradient, ﬂ/ f € V is the vertical gradient.
We then consider the vector bundle N' — SM whose fiber N (z,v) over (z,v) € SM is
given by {v}*. For every (x,v) € SM, the maps

(H(z,0), gsas) 55 (N (,0), g), (V(2,0), gsas) 55 (N (2, 0), 9)

are isometries. These isomorphisms allow to decompose H @&V ~ N & N by considering the
isometry

HoV-oNaeN, w— (dr(w), L(w)).

2We use the convention that H := (Ve RX )L, and not V* as usual. In particular, if M is n-dimensional,
then H is (n — 1)-dimensional.
3Also called the contact 1-form. It satisfies 1xa = 1,2xda = 0.
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As a consequence, H can be identified with {(w,0),w € N} C N®N, and V with {(0,w),w € N'}.
In particular, the operator %, ﬁ/ can be seen to take values in A/ by considering Vi := dﬂ'%
and Vy := IC% instead, which we will do from now on.

The geodesic vector field seen as a differential operator of order 1 induces a differential
operator (still denoted by X) X : C®°(SM,N) — C*(SM,N) defined in the following
way: consider a section w € C*(SM,N), a point (z,v) and denote by t — ;. (t) € M
the geodesic it generates. Then t = (v(y,)(t), w(t)) is a well-defined vector field along the
geodesic (which is everywhere orthogonal to the direction of the geodesic) and we can consider
its covariant derivative

Dw(t)
dt|—o

=: Xw(z,v).

Note that it is a well-defined section of NV, i.e. it is everywhere orthogonal to v as the covariant
derivative preserves this property. The propagator R(t) : C°(SM,N) — C*°(SM,N) of the
operator X is defined to be the (unique) solution of the operator-valued ODE:

R(t) = —XR(t), R(0) = 1.

It easy to check that given f € C*(SM,N) and (xz,v) € SM, (R(t)f)(x,v) is the parallel
transport of the vector f(¢_¢(x,v)) along the geodesic segment [0,t] > s — 7(¢p_s(z,v)). In
particular, this propagator satisfies the obvious bound ||R(t)| r2(sma—r2(smay < 1-

Moreover, X also induces an operator on C*°(SM,End(N)) (once again, still denoted by
X) by requiring the following Leibniz rule to be satisfied: for all w € C*®(SM,N),U €
C>®(SM,End(N)):

XU -w)(x,v) = (XU)(z,v) - w(z,v) + U(x,v) - (Xw(z,v)).
The Riemann curvature tensor R defined as usual for X,Y € C>*(M,TM) by
R(X,Y):=VxVy - VyVy — Vixy]
induces a symmetric section R € C°°(SM,End(N)) defined by
V(z,v) € SM,w € N(z,v), R(xz,v) w:=Ry(w,v)v. (2.1)

The operators previously introduced satisfy commutation formulas (see [PSU15, Lemma 2.1|
for instance):

[X, Vy| = =V, [X, V] = RVy. (2.2)
The adjoint operators to Vy g are the respective horizontal and vertical divergence i.e. V§ i =

—divy . These operators satisfy the commutation formula (see [PSUIL5, Lemma 2.1] for
instance):

divyg Vy —divy Vg = (n — 1)X, [X,divy] = —divy, [X,divg] = —divy R.

These commutation relations will be used in Section §6 in order to derive the Pestov identity
(see Lemma 6.6).
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2.2. Twist by a vector bundle. We now consider a Hermitian vector bundle & — M
of rank 7 equipped with a unitary connection V¢. Using the fibration = : SM — M, we
can pullback the pair (£, V¥) over SM and consider the bundle 7€ — SM equipped with
the pullback connection 7*V¢. If (eq,...,e,) is a smooth local orthonormal basis of £ (in a
neighborhood of a point xg € M), then smooth sections f € C®°(SM,7*E) can be written in
a neighborhood of zq as:

f(l',l)) = ka(x,v)ek(m) € &,
k=1

where f, € C°°(SM) is only locally defined.
The geodesic vector field X induces an operator

X = (7*VE)x : C®(SM,7*E) — C°(SM,7*E).

As before, this operator gives rise in turn to an operator (still denoted by X) X : C*°(SM,N &
) = C®(SM,N ® 7*E) which acts in the following way: given local sections w €
C®(SM,N) and f € C®(SM,n*E):

Xwe f):=(Xw)® f+we (Xf).
The connection 7*V¢ gives rise as before to differential operators:
Vipy : C®(SM,7*E) — C®(SM,m*E @ N),

defined in the following way: given f € C°°(SM,7*E), the covariant derivative (7*V€)f €
C*®(SM,n*E @ T*(SM)) can be identified with an element of C>*(SM,7*E @ T(SM)) by
using the musical isomorphism T*(SM) — T'(SM) induced by the Sasaki metric. Using the
maps dm and I, one can then consider the projections:

VEf = dn(n*VEf), VEf = K(n*VEf),

as elements taking values in 7*€ ® N. In local coordinates, these operators have explicit
expressions in terms of the connection 1-form A* and we refer to [GPSU16, Lemma 3.2] for
further details.

We denote by f€ € C°(M,A*T*M ®Endg(£)) the curvature tensor f := (dvg)2 induced
by the connection V¢, where dV denotes the exterior derivative of the connection. We
introduce the following operator F€ € C®°(SM,N ® Endg(€)) defined by:

<facg(va w)ev 6/> = <F5(:c,v)e,w ® €/>,

where (z,v) € SM,w € N(z,v) = {v}" and e, ¢’ € &,. The twisted operators V& y also enjoy
commuting properties which involve this operator F€. More precisely, we have (see [GPSU16,
Lemma 3.2]):

(X,V{] = -V, [X,V4] = RV + F¢. (2.3)

4Given a point zo, taking local coordinates around xo, we can write the connection V¢ = d + A, where
A€ C™(U, T*M ® Ende(£)) is called the connection 1-form and U C R" is a trivializaing neighborhood.
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The adjoint operators to V%,H are the respective twisted horizontal and vertical divergence

ie. (V§ )" = —div§y, which satisfy:
divly Vy —div§ Vi = (n —1)X, [X,div§] = —divly, [X,divg] = —divy R + (F)*.

2.3. Anosov Riemannian manifolds. We write M := SM for the sake of simplicity. We
say that the Riemannian manifold (M, g) is Anosov if there there exists a continuous flow-
invariant splitting of TM such that:

TM=R-X®FE;FE,,

where X is the geodesic vector field, Fs and E, are the stable and unstable vector bundles

such that:
Vt > 0,Yw € Ey, |dpi(w)] < Ce M),

Vit < 0,Yw € E,, |de(w)| < Ce*lt‘)“w’a

where the constants C, A > 0 are uniform and the metric inducing the norm | - | is arbitrary.

(2.4)

Moreover, it can be shown that
HeV=FE®E, =kera,

where we recall that « is the contact 1-form. Examples of Anosov manifolds are provided by
manifolds with negative sectional curvature [Ano67].

It is well-known that the identification of H and V with N allows to describe in a nice fashion
the differential of the geodesic flow via solutions to the Jacobi equations. More precisely,
following the previous paragraph, given (z,v) € SM and w € Eg(x,v)® E,(z,v), we can write
dpe(w) = (wr(t), wy(t)), where wiv(t) € N(pi(x,v)). We introduce the Jacobi equation

J(t) + R(pt(x, ) J (t) = 0,

where J(t) € N(¢¢(z,v)) and R is the operator introduced in (2.1), with initial conditions
J(0) = wg = wr(0) and 5 J(0) = wy = wy(0). We have:

winlt) = J(0), wlt) = 2-I(0)

Using the standard Rauché lemma for matrix ODEs (see [[Kni02, Proposition 2.18|), it is easy
to show that the geodesic flow in negative curvature is Anosov [Ano67| (i.e. when the matrix-
valued symmetric operator R € C°°(M, End(N)) satisfies the bounds —a? < R < —3% < 0).

Using the identification with ' & A one can prove (see [Kni02, pp. 472-473| for instance)
the following: there exists @ > 0 and symmetric operators Uy € C*(SM,End(/N)) such that
for all (z,v) € SM,

By(a,0) ~ {(w, Uy (5, 0)w) | 0 € N (@, 0)}, Bl 0) = {(w, U_(z, 0)w) | w € N(z,0)}.
We will write
O+ (2, v) : N(z,v) = Eg (2, 0), wir 0+(2,0)  w = (w,Ux(w,v) - w)

The endomorphisms Uy are actually differentiable in the flow direction, bounded on M and
solutions to the Riccatti equation, namely:

XU+ +U3 +R=0. (2.5)
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The satisfy that U_ — Uy > 0 (i.e. it is a symmetric definite positive endomorphism on M).

We now make some further observations on these endomorphisms which will be needed
at some stage (in Lemma 6.7). Consider a point (z,v) € SM and w € N(x,v), and write
Z = (w, Ui (z,v)w) € Es(z,v). We can then write, using the Jacobi vector fields, dy(Z) =
(J(t), J(t)) and since dy;(Z) belongs to the stable bundle (which is invariant under the flow),
one has

J(t) = Up(pe(x, v))J (1) (2.6)
We now consider an orthonormal frame (E;(0), ..., E,_1(0)) of {v} and parallel-transport
it along the geodesic t — m(pi(x,v)). We can decompose the Jacobi vector fields as J(t) =
S (1) Ei(t), where y; € C°(R) are smooth functions. Consider R”~! endowed with its
Euclidean structure and denote by (ey,...,e,_1) an orthonormal basis. If we introduce the
identification p(t) : R"~! — N(@y(z,v)), defined by p(t)e; := E;(t), then using that the E;(t)
are parallel transported, we can rewrite (2.6) as:

Y(t) = U (0)Y (1),

where Y(£) T = (y1(t), ..., yn—1(t)) € R*™1 and U, (t) := Uy (p¢(z,v)) is seen as an endomor-
phism of R"~1. Let ®(¢) be the resolvent of this equation, i.e. such that Y (t) = ®(¢)Y'(0)°. In
other words, we have: J(t) = p(t)®(t)p(0)~1J(0). The exponential decay (2.4) then implies
that for all ¢ > 0:

[0 < Ce

One way of rewriting this is the following:

Lemma 2.1. Consider the propagator Ry (t) : C°(SM,N) — C>*(SM,N) defined by:
Ry, (t) = (=X + Uy) Ry, (1), Ry, (0) = 1.

Then, there exists C, A > 0 such that for allt > 0:

-
HRU+(t)HL2(SM,N)—>L2(5M,N) < Ce ¢,
Eventually, let us recall the notion of conjugate points:

Definition 2.2. Let y := m(p¢(z,v)). Wesay that z and y are conjugate points if d(¢r) (z,0) (V)N
V # {0}. We say that (M, ¢g) has no conjugate points if dp:(V) NV = {0} for all t € R.

The Anosov property has very strong implications on the geometry but we will only use
elementary ones. In particular, it prevents the existence of conjugate points [K1i74, Mn&87|. As
the stable and unstable bundles are invariant by the flow, this implies that their intersection
with the vertical bundle is always trivial:

E,NV=E,NV={0}.

We introduce C, the set of free homotopy classes on the manifold M; it is well-known that
this set is in one-to-one correspondance with conjugacy classes of the fundamental group
m1(M). We will use the following:

5Informally, we like to think of it as ®(t)“ =7 exp (fot U (¢s(z, w))ds) , just as in the scalar case. Of course,
this is completely wrong for matrices. Nevertheless, in the case of a surface, the endomorphisms U4 are simply
functions r+ called the Riccatti functions and this is indeed a true equality.
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Lemma 2.3. For each free homotopy class ¢ € C, there exists a unique closed geodesic v4(c) €

C.

FIGURE 2. In red, the unique closed geodesic of the free homotopy class ¢ € C.

Elements of proofs can be found in the survey of Knieper [Kni02]. In the following, we will
consider geometric inverse problems related to marked quantities which means that we will be
given some data indexed by the set of free homotopy classes.

3. FOURIER ANALYSIS ON THE UNIT TANGENT BUNDLE

3.1. Symmetric tensors.

3.1.1. Symmetric tensors in a Fuclidean vector space. We recall some elementary properties of
symmetric tensors on Riemannian manifolds. The reader is referred to [DS10] for an extensive
discussion. We consider an n-dimensional Euclidean vector space (E, gg) with orthonormal
frame (eq,...,e,). We denote by ®™E* the m-th tensor power of E* and by ®¥E* the
symmetric tensors of order m, namely the tensors u € ®™ E* satisfying:

(V15 5 V) = UW(Vo(1)5 5 Vor(m))
for all vy, ...,vm € E and o € &,,, the permutation group of {1,...,m}. If K = (k1,....,km) €
{1,...,n}", we define e}, = e;, ®..®ep , where ej(e;) := d;;. We introduce the symmetriza-
tion operator § : " E* — @ E* defined by:

S @ ... @) = % Z No(1) @ - @ No(m)>
0€Gm
where n1,...,nm € E*. Given v € E, we define v’ € E* by v"(w) := gg(v,w) and call
b: E — E* the musical isomorphism, following the usual terminology. Its inverse is denoted
by # : E* — E. The scalar product gg naturally extends to ®™E* (and thus to ®¢ E*) using
the following formula:

m
gemps (1] ® .. @ vy, 0} @ . @wy,) = [ [ 9m(vs,w)),
j=1
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Z,...,imzl Uiy ..,y €F, @ ... ® €]  then ||u|]%®mE* =

S |ui, .4, |2. For the sake of simplicity, we will still write gg instead of ggmps. The

U1 yeeeytm=1

where v, w; € E. In particular, if u = >

operator § is an orthogonal projection with respect to this scalar product.
There is a natural trace operator T : @™ E* — @™ 2E* (it is formally defined to be 0 for
m = 0,1) given by:

n
Tu:= Zu(ei,ei, ey ) (3.1)
i=1
and it also maps 7 : Q¢E* — ®?72E*. Its adjoint (with respect to the metric ggmp+)
T2E* given by Ju := S(gp ® u). It is
easy to check that the map J is injective. This implies by standard linear algebra that one
has the decomposition, where @& E*|o_1y = ker T N ®'FE* denotes the trace-free symmetric
m-tensors:

on symmetric tensors is the map J : ®?E* — ®g”

®% E* = @Y E*|o-n & J @72 E* = &p0T" @7 E*|o_m. (3.2)

Let Sg be the unit sphere of E and define the pullback operator 77, : @TE* — L?(Sg) by
the formula

7o f0) = £t ).
We introduce €2, := ker(As, + m(m +n — 2)) where Ag, denotes the Laplacian on the unit
sphere of E. The space L?>(Sg) is endowed with the natural scalar product:

<“vul>L2(SE)/S u(v)u! (v)dw,

where dv denotes the Riemannian volume form induced by the metric ggl|s, on the sphere.
We will denote by m,,, the adjoint of 7, with respect to this scalar product. The following
mapping property is important:
Lemma 3.1. The map
’R':n : ®TSnE*’0_Tr — Qm,
is an isomorphism. More precisely, mm, 7, = c(n,m)1, where
( ) mlx™/2
c(n,m) = .
2m=1T(n/2 + m)

In particular, this implies the following graded mapping property:

k om—2k
Tyt QG E" = @p>0T" @4 E*jo—r = ®r>0Qm—2k-

Proof. First of all, one introduces the space P, (E) of homogeneous polynomials of degree
m € Non E (ie. satisfying p(Av) = Ao for all A > 0) and H,,,(F) the set of harmonics
polynomials of degree m i.e. satisfying Agp = 0, where Ag is the Laplacian on E induced
by gg. For u € @ E*, writing A\, (u)(v) := u(v, ...,v), it is clear that A\, : @FE* — Py, (F).
Moreover, it is immediate that A\, : & E*|o—1r — H,,(F) by using the formula, for u € ® E*
(see [DS10, Lemma 2.4] for instance):

m(m — 1)m;,_o Tr(u) = Agm, u.
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Then, introducing the restriction operator rp, : P, (E) = C*°(Sg) defined by ry,(u) := uls,
(hence 7}, = riAm), we see that ry, : Hy,(E) — €, as follows from the following formula
(see [GHLO4, Proposition 4.48] for instance):

2

Agp(u)ls, = Asy (ulsy) + 92

Sg or

where r is the radial coordinate, using the homogeneity of u. This proves the announced
mapping properties. As to the equality 7,7, = c(n,m)1, it relies on Schur’s lemma and
requires some extra work, especially for the computation of the value of ¢(n,m) (we refer to
[DS10, Lemma 2.4| for further details). O

3.1.2. Symmetric tensors on a Riemannian manifold. We now consider the Riemannian man-
ifold (M, g) and denote by du the Liouville measure on the unit tangent bundle SM. All
the previous definitions naturally extend to the vector bundle TM — M that is for f, f' €
C>(M,@™T*M), we define the L2-scalar product

S = / (for ) vol(2),

where (-, ), is the scalar product on T, M introduced in the previous paragraph and d vol(x)
is the Riemannian measure induced by ¢g. The map 7, : C°(M,™T*M) — C*°(SM) is the
canonical morphism given by 7 f(z,v) = fi(v,...,v), whose formal adjoint with respect to
the two L2-inner products (that is to say on L?(SM,du) and L?(@™T*M,dvol)) is Ty, i.e.

u) — \Jo Tmx vo
(T fs ) p2(sardp) = (s Tmah) 2(@mr M dvol)

If V denotes the Levi-Civita connection, we set D := SoV : C®(M,@"T*M) —
C>(M, @™ T*M) to be the symmetrized covariant derivative. Its formal adjoint with re-
spect to the L2-scalar product is D* = — Tr(V-) where the trace is taken with respect to the
two first indices, as in the previous paragraph. One has the following well-known relation
between the geodesic vector field X on SM and the operator D:

Lemma 3.2. X7}, =m, D

Proof. First of all, one observes that 7 D = SV = .,V as the antisymmetric part
of the tensor is going to vanish by applying 7, ;. We fix a point o € M and consider normal
coordinates centered at xg. In these coordinates, if f = frdxy, then:

X (xg,v sz s V(o) Zamsz xo)dx; @ dxy

=1

Thus:

n n

(X7T «7507 Z Uzaa:z fIUI Z(aﬂﬁiff)vivf = 7T:;1+1(Vf) (x07 U)

=1 =1

Since x¢ was arbitrary, this completes the proof. ]
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The operator D is a differential operator of order 1 with principal symbol given by o(D)(z,€) :
[ —=iS(E® f) = ijef, where j¢ is the symmetric multiplication by £. Its adjoint has princi-
pal symbol o(D*)(z,§) : f + —izg, where £ denotes the vector naturally associated to the
covector ¢ via the metric g and 7 is the contraction.

Lemma 3.3. D is elliptic. It is injective on tensors of odd order, and its kernel is reduced to
Rg®™/2 on even tensors.

When m is even, we will denote by K,, = ¢,S(g®™/?), with ¢,, > 0, a unitary vector in
the kernel of D.

Proof. We fix (x,&) € T*M. We consider a symmetric tensor f = Z?lemzl firipdei, ®...®
dz;, of order m. We then have:
m+1 n

) 1
Jef = m+1 Z Z fir i iy @ . @ diyy_, @ E@dwyy,, @ .. @ dy,,

1=0 i1,..im=1
Thus, separating the case [ = 0 and [ # 0 in the previous sum, we obtain:
1 m
et 4 _mo
tyde f . {(&m)f+ R
In particular, for n = &, using the non-negativity of the operator jeis, we obtain for f €
®ETyM:

2|1 r£12
o(D) . 1 = Ggsied, ) 2 SIL

ie. |lo(x,&)| > CJ&|, so the operator is uniformly elliptic and can be inverted (on the left)
modulo a compact remainder, see Proposition A.5: there exists pseudodifferential operators
Q, R of respective order —1, —oo such that QD =1+ R.

We now investigate ker(D): if Df = 0 for some tensor f € C~°(M,®¥T*M), then f is
smooth (see Proposition A.5) and 7, Df = X7, f = 0. By ergodicity of the geodesic flow,
w5 f = c € Qp is constant. If m is odd, then 7}, f(x,v) = —7}, f(x, —v) so f = 0. If m is even,
then f = Jm/z(um/g) where w,, /5 € @LE* ~Rso f = do(g®™/?). O

By classical elliptic theory, the ellipticity and injectivity of D imply that for all s € R:

H (M, @3T*M) = D(H*" (M, ¢~ T*M)) & ker D*| s (s, g7 019, (3.3)

and the decomposition still holds in the smooth category and in the C**-topology for k €
N,a € (0,1). This is the content of the following theorem:

Theorem 3.4 (Tensor decomposition). Let s € R and f € H*(M,®%T*M). Then, there
exists a unique pair of symmetric tensors
(p,h) € H (M, &% T*M) x H*(M,@%T*M),
such that f = Dp+ h and D*h = 0. Moreover, if m =2l + 1 is odd, (p, K9;) = 0.
The proof will be an immediate consequence of the following dicussion. When m is even,

we denote by Ilg,, := (K, ) Ky the orthogonal projection onto ker(D). We define A,, =
D*D + ¢(m)llk,,, where e(m) = 1 for m even, e(m) = 0 for m odd. The operator A,, is an
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elliptic differential operator of order 2 which is invertible: as a consequence, its inverse is also
pseudodifferential of order —2 (see [Shu0O1, Theorem 8.2]). We can thus define the operator

Tker p+ = 1 — DAID*, (3.4)

so that A = Tger p+f. One can check that this is indeed exactly the L?-orthogonal projec-
tion on solenoidal tensors, it is a pseudodifferential operator of order 0 (as a composition of
pseudodifferential operators).

Since o(D)(x,§) = ije is injective, we know that given (x,&) € T*M, the space @71y M
breaks up as the direct sum

®g} ;M = ran (ZO’(D)(QT’ £)|®?_1T;M) @ ker (ZO-(D*)($a §)|®?T;M)
= ran <j§|®gz—lT;M> EB keI‘ (Zfﬁ‘@%LTI*M)

We denote by Tker 1, the projection on ker (Z£ﬁ|®TSRT;M) parallel to ran (j§\®gL71T;M>. It is
then straightforward to check that:

Lemma 3.5. The operator mer p+ is pseudodifferential of order O with principal symbol o, . =

Tker ig -
3.2. Fourier analysis in the fibers. For every z € M, the unit sphere
SeM ={veT,M|vz=1} C SM

(endowed with the Sasaki metric introduced earlier) is isometric to the canonical sphere
(S"™ !, gean). Denote by Ay the vertical Laplacian obtained for f € C®°(SM) as Ay f(x,v) =
Agean (fls.ar)(v), where Ay, is the spherical Laplacian. For m > 0, we denote as in the
previous paragraph

QO (z) = ker(Ay(z) + m(m +n — 2)),

the vector space of spherical harmonics of degree m for the spherical Laplacian Ay. We will
use the convention that Q,, = {0} if m < 0. If f € C°(SM), it can then be decomposed
as f =) ..~0 fm, where fm € O%®(M,Q,,) is the L2-orthogonal projection of f onto the
spherical harmonic of degree m. We will say that f has finite degree if its expansion in
spherical harmonics is finite, and we call degree of f (denoted by deg(f)) the highest degree
of its non vanishing spherical harmonics. The following mapping property is crucial:

Lemma 3.6. The geodesic vector field acts as
X :C®(M, Q) = C(M, Q1) @ C(M, Qppt1)-

Proof. Consider f € C*(M,,), fix an arbitrary point z¢p € M and take normal coordinates
at g € M. Then X (x,v) = > | v;0,, and thus X f(zo,v) = > 7", vi(0, f)(x0,v). But it is
clear that O,, f is still a spherical harmonics of degree m as the operator does not affect the
v-variable and then the lemma boils down to proving that the product of a degree 1 spherical
harmonics with a degree m is the sum of two spherical harmonics of degree m — 1 and m + 1.
Since this is a well-known fact, we leave that as an exercise for the reader. O
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We define X as the L?-orthogonal projection of X on the higher modes €,,,1, namely
if u e C*°(M,Q,,), then X u = ()/(Z)mﬂ and X_ as the L2-orthogonal projection of X
on the lower modes §,,—1. For m > 0, the operator X, : C*°(M,Q,,) = C®(M,Qp41) is
elliptic and thus has a finite dimensional kernel by Proposition A.5 (see [DS10]). The operator
X_:C®(M,Qy,) — C°(M,Qy,—1) is of divergence type. It can be checked that X* = —X_:
this is a direct consequence of the fact that X is formally skew-adjoint on L?*(SM) as it
preserves the Liouville measure. It is worth introducing the following terminology as these
elements will play an important role in the following:

Definition 3.7. Elements in the kernel of X are called Conformal Killing Tensors (CKTs),
associated to the trivial line bundle.

For m = 0, the kernel of X on C*°(M, Q) always contains the constant functions. We call
non trivial CKTs elements in ker X which are not constant functions on SM. The kernel of
X is invariant by changing the metric by a conformal factor (see [GPSU16, Section 3.6]).

As mentioned in Lemma 3.1, there is a one-to-one correspondance between trace-free sym-
metric tensors of degree m and spherical harmonics of degree m, namely the map

O (M, GT*M|o—1v) — C(M, Q)
is (up to a constant) an isometry (see Lemma 3.1). We now introduce the (pointwise in z € M)
orthogonal projection P : @ETrM — &TT;M|o—1r onto trace-free symmetric tensors. We
have the following identification of PD with X, and D* with X_:

m )77* D* (3.5)

Xyt =T PD,  X_mp, = _m m—1

The following decay property will be needed:

Lemma 3.8. Let u € C*°(SM,n*E) and write u =3, <o Um, where Wy, € C°(M,Qyy, ® E).
Then there exists 8 > 0 such that, for any even a € N, there exists a constant Cy > 0 such
that:

sup [ )] Callullce(srr e
Ig]\% m\L, LQ(SIM) = maf//j
Proof. Fix a point p € M, consider (eq, ..., e,) a local orthonormal basis of £ around p. We can
write u(z,v) = Y, _; up(x,v) @ ex(x), where uy € C°°(SM) and each uy, can be decomposed
into Fourier modes uy = 3, <o (Uk)m where (ug)m € C°(M, Q). We then have
T
(@m(@,0) =Y (@R)m (@, v)ex(x).
k=1
Then:

(@) (2, ) Z2 (500 :/ >l @m)m (@, v)Pdo = || (@) m(=, M2 (5,00,
SaM . —q k=1

so the lemma actually boils down to the trivial case £ = C i.e. it suffices to show

Call f 2o gsan,

mo—8 7

Hfm(l” ')||%2(SIM) =



GEOMETRIC INVERSE PROBLEMS ON ANOSOV MANIFOLDS 19

for any smooth function f € C*°(SM).

We fix a point & € M is fixed in a neighborhood of p. We identify S, M ~ S"~1. We write
f= ZmZO fm, where fm € Qp (7). Let wi,...,wj(m,) be an L?-orthonormal basis of spherical
harmonics of degree m, i.e. for all i = 1, ..., j(m), we have:

- AV%’ = A171(")Z 3

where \,, = m(m + n — 2). Note that we have
) n—14+m n+m-—3
= ("L (),
and the important observation is that j(m) < m?, for some exponent 8 > 0. Indeed,

n+mn—1+m n+m—2/n+m-—3 n-+m .
- S ](m)a
m+1

and the bound follows easily.
We can further decompose

jm+1) =

m m—1 m — 2

)
fn = ciwi,
i=1
where a; = (f,w;)2(gn—1y. This implies that for any v € N:
[(—AGf, wi) 2] < IAGf ()| oo (5, 00 lwil 2 < CHfHCM(SM)
A%, - A%, - m2e
where C only depends on the dimension and some potential choices made in the definition of

C?%(SM). Hence:

‘O‘i’ - )

j(m)
||fm||%2(st) = Z |0‘i‘2 S j(m)HfHéza(SM)m_m S mﬁ_4a||f||%‘2a(5‘M)'
i=1
This proves the claim. ([l

In particular, it will be convenient to have the following result at hand:
Lemma 3.9. Foru =3} -,y € C*°(SM), one has:

~ [[u]| gatr

| Xt (, ')HLQ(SZM) N a8

Proof. This is a straightforward consequence of the previous Lemma as X u is smooth if  is
smooth. g

3.3. Twisted Fourier analysis in the fibers. Consider (£, V¢) a Hermitian vector bundle
of rank r equipped with a unitary connection over the smooth Riemannian n-manifold (M, g)
with n > 2. Let SM be the unit sphere bundle and 7 : SM — M be the projection. We
consider the pullback bundle (7*&,7*V¢) over SM. The geodesic vector field X induces
the operator X := (7*V¢)x, acting on sections of C®°(SM,7*E). As before, by standard
Fourier analysis in the sphere fibers, we can write f € C*°(SM,€) as f = >, <o fm, where
fm € C°(M,Q,,, ® £) and pointwise in x € M: N

Qn(z) ® () == ker(A§ + m(m +n — 2)),
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is the kernel of the vertical Laplacian A%,. Note that this Laplacian is independent of the
connection V¢, it only depends on £ and g, as can be seen from the expression

T

AGO . frer) =D (Avfr)er,
k=1

k=1

if (eq,...,e,) denotes a local orthonormal basis of £ around a point xg (the e;’s are only z-
dependent). Elements in this kernel are called the twisted spherical harmonics of degree m.
As in the non-twisted case, we will say that f € C°°(SM, &) has finite Fourier content if its
expansion in spherical harmonics only contains a finite number of terms and we denote by
deg(f) its degree. It is easy to check that the operator X still maps

X 1 C®(M, Q@ E) = C(M, Qpy ® E) B C(M, Qa1 ® ) (3.6)

and can thus be decomposed as X = X; + X_, where, if u € C®(M,Q,, ® ), Xyu €
C®(M, Q41 ® &) denotes the orthogonal projection on the twisted spherical harmonics of
degree m + 1. The operator X is elliptic and thus has finite-dimensional kernel whereas X _
is of divergence type. Moreover, X* = —X_, where the adjoint is computed with respect to
the canonical L? scalar product on SM induced by the Sasaki metric.

Definition 3.10. We call twisted Conformal Killing Tensors (CKTs) elements in the kernel
of Xt [coe (11,0, 08)-
The twisted CKTs are always invariant by conformal change of the metric (see [GPSUIG,

|). We say that the twisted CKTs are trivial when the kernel is reduced to {0} and this is
known to be a generic property of connections:

Theorem 3.11 (Cekic-L. '20). The set of unitary connections without CKTs is residual’.

We now explain the link with (twisted) symmetric tensors. Given a section v € C*°(M, ®TT*M®
&), the connection V¢ produces an element Véu € C®°(M,T*M ® (2FT*M) ® ). In coor-
dinates, if (e1, ..., e,) is a local orthonormal frame for £ and V¢ = d + T, for some one-form
with values in skew-hermitian matrices I', we have:

r r
VS(Zuk & ek) = ZVuk R e+ ur ® Vgek
k=1 k=1

— Z <Vuk + Z Zfﬁul ® dwi) ® ey,
k=1

=1 i=1

(3.7)

where up, € C®(M,®%T*M) and V is the Levi-Civita connection. The symmetrization
operator Sg : C®(M,@™T*M ® £) = C°(M,®TT*M ® £) is defined by:

Se <Z U Q@ €k> = ZS(uk) X ek,
k=1

k=1

6In the sense that for all k > 2, this set is an intersection of dense open subsets of connections with regularity
c*.
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where u, € C°(M,®¢T*M) and S is the symmetrization operators of tensors previously in-
troduced. We can symmetrize (3.7) to produce an element Dg := SgVEu € C™ (M, ®?+1T*M®
&) given in coordinates by:

D¢ (Zr: Uk & €k> = Zr: (Duk + Zr: Zn: FZS(U[ ® dx,)) & ek, (3.8)

k=1 k=1 =1 i=1

where D = SV (V being the Levi-Civita connection) is the usual symmetric derivative of
symmetric tensors introduced in the previous paragraph. The operator Dg is a first order
differential operator and the expression of its principal symbol

Oprinc(Dg) € C(T* M, Hom(®GT*M ® £, 7' T*M ® £))

can be read off from (3.8), namely oprinc(Dg) = Oprinc(D) ® idg:

T

Oprinc DE x g <Z uk ® ek ) = Z (O-princ(D)(xvg) : ’LLk(ZL‘)) ® ek(ZL‘)

k=1

=i S(E®up(r)) @ ep(2),

k=1

where ey (z) € &, ui(x) € @ETr M and the basis (e1(x), ..., e,(x)) is assumed to be orthonor-
mal. As a consequence, it is an injective map and Dg acting on twisted symmetric tensors
of order m is a left-elliptic operator and can be inverted on the left modulo a smoothing re-
mainder; its kernel is finite-dimensional (see Proposition A.5) and consists of elements called
twisted Killing Tensors. We also record the same relation as in Lemma 3.2.

Lemma 3.12. 7} . De = X7},

The adjoint
5 C(M,@ETIT M @ ) — O (M, @%T*M ® £)

has a surjective principal symbol given by oD} (z,8) = —itgy ® idg. As before, there is an
explicit link between X_ /D¢ and X /Dg. We have the following equalities (see [GPSUI6, p.
22]) on C®°(M,ET*M|o—1 ® E):

m

4. MICROLOCAL FRAMEWORK

Throughout this section, we consider the case of a smooth closed manifold M endowed
with an Anosov vector field X preserving a smooth measure du and generating a flow (¢¢)er-
Here, Anosov is understood in the sense of (2.4). (It will be applied with M = SM and the
geodesic vector field X.)
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4.1. Rough description of the L?-spectrum. In this paragraph, we study the L?-spectrum
of the operator X and show the need to introduce other functional spaces in order to obtain
a good spectral theory. Since X preserves the smooth measure dyu, it is skew-adjoint on
L?(SM,dp), with dense domain

Dp2 = {u € L*(M,dp) | Xu € L*(M,du)}.
Equivalently, —i X is self-adjoint. As we will see, its L?-spectrum consists of absolutely con-
tinuous spectrum on R and of embedded eigenvalues. We first prove that the L?-spectrum of
1X is R.
Lemma 4.1. 072(iX) =R

The proof actually works for more general operators like V4, where V¢ is a unitary con-
nection on a Hermitian vector bundle & — M. The proof we give is that of Guillemin [Gui77,
Lemma 3|, following Helton.

Proof. We argue by contradiction. Assume o(—iX) # R, then since o(—iX) is closed, there
exists an interval I of R such that INo(—iX) = 0. Let f € C,,,(1), f # 0. Then f(—iX) =0
and this operator is given by’

F(—iX) = / " FetXar

—00

Given a € C*®(M), f(—iX)a is continuous. Moreover, it is given at ¢ € M by:

fixgateo) = [ foatemoar

— 0o
We now consider ¢, a smooth function on R with compact support and a constant A > 0. If
xo € M is not periodic, then we can construct a € C*°(M), h € C*°(R) such that a(pizo) =
g(t) + h(t) for all t € R, where ||h]|c < ||g]loo and supp(h) N [—A, A] = 0 (define a by a(prxo)
on a sufficiently large segment of the orbit of xg and then extend to a sufficiently small tubular
neighborhood in order to obtain a smooth function). Then:

+oo
f(—iX)a(zg) =0 = /

—0o0

+oo

F(tyg(ydt + / Fn(tat

—0o

As A — +o0, the second integral converges to 0 since f is Schwartz. We thus obtain that
fj;o f(t)g(t)dt = 0 for any smooth function g with compact support, thus f = 0 and f =
0. O

The goal of this Section is to go beyond the L?-spectrum and to reveal resonances which
are true eigenvalues in the half-space {R(z) < 0}. This is the content of the Pollicott-Ruelle
theory.

7Formally7 this follows from the following computation, where dP()) is the spectral measure of —iX:

f(—i)():/:o f()\)dP()\):/_:o /j: e“tf(t)dP()\)dt:/_:O f)e™dt

The justification of the permutation is not difficult since f has compact support.
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4.2. Pollicott-Ruelle resonances.

4.2.1. Description of the resonances. As it is harmless, we can consider a more general case
than in the previous paragraph. We assume that & — M is a Hermitian vector bundle over
M. Let V¢ be a unitary connection on £ and set X := V‘)g(. Since X preserves du and V¢ is
unitary, the operator X is skew-adjoint on L?(SM, &;du), with dense domain

Dpe = {u € L*(M,E;dp) | Xu € L*(M,E;dp)} . (4.1)

As we will see, L2-spectrum consists of absolutely continuous spectrum on iR and of embedded
eigenvalues. We introduce e X, the propagator of X, namely the parallel transport by V¢
along the flowlines of X. Recall that for x € M,t € R, C(x,t) : & — &,,(») denotes the
parallel transport (with respect to the connection V) along the flowline (ps(®))secio- I
f € C®(M,E), then (e X f)(z) = Clo_i(x),t)(f(¢p_¢(z)). If X = X is simply the vector
field acting on functions (i.e. & is the trivial line bundle), then e =X f = f(¢_(*)) is nothing
but the composition with the flow.
We introduce the resolvents

400
0
0 (4.2)
R_(z) = (X — Z)il — _/ ezte—txdt’

initially defined for R(z) > 0 since

“+oo +oo
L A e e A O
(Let us stress on the conventions here: —X is associated to the positive resolvent R (z)
whereas X is associated to the negative one R_(z).) We are going to show that the resolvents
can be meromorphically extended to the whole complex plane by making X act one anisotropic
Sobolev spaces H5., that is we can beyond the L2-spectrum axis.

Theorem 4.2 (Faure-Sjostrand '11). There exists a constant ¢ > 0 such that for any s > 0,
there exists a Hilbert space HZ., such that on the half-space {R(z) > —cs},

(=X —2)7:Dyz — HE

18 a meromorphic family of unbounded operators with domain Dys = {u e Hi, Xu € ’Hi}
which are Fredholm of index 0.

The poles of the resolvents are called the Pollicott- Ruelle resonances and have been widely
studied in the aforementioned literature [Liv04, GL06, BLO7, FRS08, FS11, FT13, DZ16].
These resonances (and the resonant states associated to them) are intrinsic to the flow and
do not depend on any choice of construction of the anisotropic Sobolev spaces. They carry
important dynamical information on the flow. In particular, it can be shown in the simplest
case where £ = C and X = X is the geodesic vector field acting on functions, that there is a
single pole on the imaginary axis at 0 and this is actually equivalent to the fact that the flow
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is mizing, i.e. given f1o € C>°(SM) with 0-average (with respect to the Liouville measure
dp):

f1(p(x,v)) fo(w, v)dp(z,v) =0 0. (4.3)

SM

This will be proved in Lemma 4.10. It can even be shown that for contact Anosov flows, there
exists a spectral gap, namely a small resonance-free strip on the left of the imaginary axis
and this implies that the flow is actually ezponentially mizing (with respect to the Liouville
measure du) i.e. the converge to 0 in (4.3) is exponentially fast, see [Liv04, FT13, NZ15, GC20)].
Such a behaviour for a dynamical system is a prototype of a chaotic behaviour.

CS

+
{

FIGURE 3. Resonances of the operator X acting on functions. It can be shown that these
are symmetric with respect to the real axis, see [FS11].

We introduce the dual decomposition
T*"M =RE;® E; ® E;,

where Ej(Es & E,) = 0,E}(Es @ RX) = 0,E}(E, ® RX) = 0. As indicated before, we
will show that there exists a constant ¢ > 0 such that Ry(z) € L(H?) are meromorphic in
{R(2) > —cs}. For Ry (z) (resp. R_(2)), the space H% (resp. H?) consists of distributions
which are microlocally H® in a neighborhood of E} (resp. H™*® in a neighborhood of EY)
and microlocally H™® in a neighborhood of E} (resp. H?® in a neighborhood of EY), see
[FS11, DZ16]. These spaces also satisfy (H5)" = H® (where one identifies the spaces using
the L?-pairing). These resolvents satisfy the following equalities on H%, for z not a resonance:

Ri(2)(FX —2) = (FX —2) 'Ry(z) = I¢ (4.4)

Given z € C, not a resonance, we have:
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where this is understood in the following way: given fi, fo € C°°(M, &), we have
(Ri(2)f1, f2) 2 = ({1, R-(2) f2) 12

(We will always use this convention for the definition of the adjoint.) Since the operators
are skew-adjoint on L2, all the resonances (for both the positive and the negative resolvents
R ) are contained in {R(z) < 0}, see |Guil7a, Lemma 2.5| for instance. A point zp € C is a
resonance for —X (resp. X) i.e. is a pole of z — Ry (z) (resp. R_(2)) if and only if there
exists a non-zero u € H? (resp. H? ) for some s > 0 such that —Xu = zou (resp. Xu = zgu).
If v is a small counter clock-wise oriented circle around zgp, then the spectral projector onto
the resonant states is

1 1
HziO =—3— 7Rj[(z)dz =5 7(2 + X)ldz,
where we use the abuse of notation that —(X + z)~! (resp. (X — z)~!) to denote the mero-
morphic extension of Ry (z) (resp. R_(2)).
The fact that resonances are independent of the construction of the anisotropic Sobolev
space can also be seen from the following caracterization lemma. Here D . denotes the

space of distributions with wavefront set contained in EY .

Lemma 4.3. A complex number zg € C is a pole of the meromorphic extension of z +—
(=X —2)7t from {R(2) > 0} to C if and only if there exists a distribution u € Dy, such that
(=X — z0)u=0.

We leave the proof as an exercise for the reader.

4.2.2. Proof of Theorem 4.2. We will consider the simple case where & = C i.e. there is now
twist, as this does not make a real difference. We denote by H the Hamiltonian vector field on
the symplectic manifold 7% M induced by the Hamiltonian op(x,§) = (£, X (z)) (the principal
symbol of P := %X ) and by (®;);cr the symplectic flow generated. A quick computation
shows that ®; = (¢, dp; T) and the dual spaces EY , previously introduced play a similar role
as E, in the Anosov definition (2.4), namely:

@4 (z,&)| < CeM|¢],Vt > 0,¢ € EX,
|Dy(z,8)| < Ce Mg, vt < 0,¢ € 5.

Alors note that since (®;)¢cgr is 1-homogeneous in the £ variable, it induces a flow (@gl) )ter
on the unit sphere S*M. If k : T*M — S*M denotes the canonical projection, then x(E})
is a hyperbolic repeller/source and k(E}) is a hyperbolic attractor/sink for the dynamics of
((I)El))teR (see Figure 4). The following lemma asserts the existence of an escape function
which is a crucial tool in the proof of the meromorphic extension of the resolvent (—X — z)~1,

Lemma 4.4 (Faure-Sjostrand). There exists a 0-homogenous order function m € C°(T* M\
{0},[-1,1]) such that H-m < 0, m = 1 in a conic neighborhood of E¥, m = —1 in a conic
neighborhood of E7 and there exists an escape function G, € 5271_p(T*M), for all p < 1,
constructed from m, such that:
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E’*

S

<>

% *
B <] Eq
FI1GURE 4. The projective flow induced by H on the unit cosphere S* M.

o There exist constants C1, R > 0 such that on |§| > R intersected with a conic neigh-
borhood of ¥ := E; ® E;,, one has H- G, < —Cp <0.
e For || > R, H- G, < Cy for some constant Cy > 0.

An important remark is that G, € 52,17,) and e € T, for any p < 1 (these are
the anisotropic classes introduced in Appendix A) and we will sometimes write this as S™*.
In other words, G, narrowly misses the usual class S?,o- This will not be a problem when
working in Sobolev regularity (that is when working with spaces from from L?) but may (and
actually will) induce complications when using other spaces like Holder-Zygmund spaces. More

precisely, e“m satisfies the following symbolic estimates in coordinates:
V(w,6) € T"M,  |09807e™ (2,€)| < Cap(log(&)) Pl (gymo=lel]

where a, 8 € N+,
The anisotropic Sobolev spaces are then defined thanks to the operator Ay := Op(e*“m) €
U (M) by:

HL(M) = A;HLA(M)), (HE) == HE (M) = Ay (L*(M)) (4.5)

They satisfy some elementary but important properties such that C°°(M) is dense in H? (M)
and that H7 (M) is stable by multiplication by smooth functions. We can now go for the
proof of Theorem 4.2:

Proof of Theorem 4.2. The computation rules of symbols in anisotropic classes enjoy the same
properties (composition rules, ellipticity, etc.) as symbols in the usual classes (see [FRS08]).
We leave it as an exercise to the reader to check that all the symbols and pseudodifferential
operators are in the right anisotropic classes.

We consider a cutoff function xy € C2°(]0,+00)) such that x = 1 on [0,1/2] and x = 0
outside [0, 1]. We then define for 7" > 0 the function x7(t) := x(¢/T"). We have:

+00 +o0
(X +\) / xr(t)e TNt = 1 + / X () e TN gt
0 0

Note that the integral on the right-hand side is actually performed for ¢ € [0,T], that is on
a finite time interval, as will be all the integrals in the following. Let P := Op(p), where
p € S%T*M) and p = 1 in a conic neighborhood of ¥ := E¥ @ E} and p = 0 outside this
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conic neighborhood. We define A := Op(e’“m) € U™ (M), where s > 0 is some fixed
number. Up to a lower order modification, we can assume that Ay is invertible. We introduce
H+ )= Ay(X +NA; 1. Then:

+00 +oo
(H + \) Ag / yr®)e XN A 1 =1 + A, / X (t)e XN A ! (4.6)
0 0

=Q(\) =R(})
Note that |R(A\) | z(z2,22) = O((R(N)) =) for R(A) > 0. In particular, for R(A) > 0, T+ R(A)

is invertible on L2
Then, we write:

R(\) = A, /0 o ) e tXFNAPATY + A, /O o Xp)e T Na (1 — P) A, (47)
By elementary wavefront set arguments (see Example A.18) we have that
/0 o Xp(®)e XAt (1 — P) € U=
As a consequence
C3 A A, /0 o () e tEXFNAL (L — P)A, ™ e U

is a holomorphic family of compact operators on L?. Then, we deal with the first term in
(4.7). First, notice that by Egorov’s Theorem (see Lemma A.7 or [Zwol2, Theorem 11.1] for
further details)

etXAseftX — etX Op(esGm)eftX — Op(eSGmoq)t) + Kt:
where e56mo®t ¢ §5mo®it and thus
Op(esGmofbt) c \I,smod)t—s—, Kt c \I,smod)t—l—i-

Thus:

+o0 +o0
As/ () et FNqpA, ! :/ Xr(t)e P Age X PA Lt
0 0
+oo
:/ xr(t)e e X etX A e X PA T dt
0

+00
= / xop(t)e e tX (Op(es(Gmoqerm)p) + KZPA8*1> dt
0

But on the support of p, we have H-m < 0, so

eCmoPi=CGmy, ¢ gmobe—m 52

,071_,0 71_/7’

for all p < 1. Thus Op(e*(Gmo®i=Cm)p) ¢ \Ifgylfp(M) for all p < 1 and this is bounded on L2
Moreover, K;PA;~1 € U~ (M) and is thus compact on L2. Since e ** is bounded on L2

we deduce that N
/ Y (t)e e X KIPA, LAt
0
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is compact on L?. We now need to study the norm of the operator in \1'2,1—;)- Let ¢ €
C>®(T*M) be a smooth cutoff function such that ¢(z,£) = 0 for [{| < R and ¢(z,&) = 1 for
€] > R+ 1. We write

Op(e*(@moP=Cmlp) = Op(e*(@moPt=Cmlpg) 4 Op(e*(@moP=CGmlp(1 — g))

The last operator is in ¥~ and is thus compact on L?2. We are left with the operator
Op(e*(Gmo®:=CGm)pg). Note that

lim sup es(GmOCPt(x,&)—Gm(x7§))pq(x’ g) < e—C’1sT/2’
gl —o0
since H - G,,, < —Cj < 0 on the support of pg. By the Calderon-Vaillancourt Theorem (see
[Shu01, Theorem 6.4] for instance), for t € [0, T], we can write Op(e*(Gm°®t=CGmlpg) = A+ Ly,
where A; € ‘1’2,1—,;7 Ly € V=% and || A¢l|z(z2,12) < e~C15t/2 Since the operator L; contributes
to a compact operator in (4.6), we can forget it.
In (4.6), we thus obtain that

1+ R\ =1+B\)+KO),

with K () holomorphic (on C) family of compact operators on L? and using ||e_tX||£(L27L2) <
C()@LUt:

T
1Bl gzezs) = | /0 (e e Adt] o g2 1)

T

< Co / X (t)|e™ TN em et e a (4.8)
0

< CollxX'll = /T o (C1s/240R(N) ~w)t gy < Collx'l| 2o

- T 0 T T(Cis/2+R(N) —w)

This can be made smaller than 1 for some well-chosen constants. Indeed, choose T' > 0 large
enough so that Co||x'||z/T < C1s/8. Then, for R(\) > w — C1s/4, one obtains:

Il s
T(Cis/2+R(\) —w) TCis/4
Therefore, by (4.8), [[B(A)|z(z2,z2) < 1. In fine, we obtain that 1 + B()) is invertible by
Neumann series and thus in (4.6), we obtain that 1 + B(\) + K () is a holomorphic family of
Fredholm operators on #(\) > w — ¢s (where ¢ := C1/4) with index 0. We then conclude by

the analytic Fredholm Theorem. The space we are looking for is H5 (M) := A7 (L2 (M)). O

4.3. Description of the L?-spectrum. In this paragraph, we complete the description of
the L2-spectrum for the operator X initiated in §4.1, using Theorem 4.2.

4.3.1. Spectral measure. First of all, we need the:
Lemma 4.5. The poles of the resolvent on iR are of rank 1.

Proof. This is a mere consequence of skew-adjointness of the operator X which implies that
IR+ (2)|lz2 12 < 1/R(2), as we saw. O
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However, the residudes (which are spectral projectors onto the resonant states) may have
an arbitrary multiplicity. We can now complete the description of the L2-spectrum:

Lemma 4.6. We have:

(1) 012(iX) consists of absolutely continuous spectrum and pure point spectrum,
(2) Ao is in the pure point spectrum of 1X if and only if i\g is a pole of the resolvent,
(3) 0ac(iX) = R. Moreover, the absolutely continuous spectral measure is given by

1
dP()\) = _%(R+(_i)\) +R_(iN)).
Proof. Fix A\g € R and assume that i)\g is not a resonance for —X, that is Ry (i)g) is well-
defined. Then, so is R_(—i)\g) = R4 (i\g)*. Then, Stone’s formula gives that for § > 0 small

enough:

1 . . 1 [ el -
(Liag—5.0044] (iX) + L(ag—5.0045) (iX)) = lim /}\ ((zX — (A +ie)) 7t = (iIX — (A —ig)) 1) dA

2 250 27ri

0—0
1 Ao+6
~ lim / (—R_(—i\ +2) — R (i) + £)) dA
e—0 27 Ao—6
1 )\0+5
S (R_(—i)) + Ro (iA)) dA,
27 Jao—s

(4.9)

where the convergence is in the weak sense®, that is by applying the expression to f; € C>(M)
and testing against fo € C°°(M) — the permutation of the limit and the integral being
guaranteed by the holomorphy of the integrand. Taking the limit § — 0 in (4.9), we see that
the right-hand side converges to 0. Hence \g cannot be in the pure point spectrum, otherwise
the left-hand side would converge to Hfs

Now, assume that i)\ is a resonance for —X (that is there exists a distribution u € D,
such that (=X — i\g)u = 0) and write, for z near i\o: '

I
Ri(2) = RY(2) - =5,

where R}j_(’l(z) is holomorphic in z. (Note that the resolvent has this form as the poles are
of order 1, see Lemma 4.5.) Inserting this into Stone’s formula (4.9), we then obtain (in the
weak sense):

H;}O + (H;;O)*

1 : j
im (115, —5.0046] (1X) + Lng—5.00+6) (1 X)) = Hfj = 5 )

6—0 2
that is Ag is in the pure point spectrum.
Formula (4.9) also allows to show that there is no singular continuous spectrum, as the
spectral measure is given by
1

dP(\) =~

(R (—iX) + R_(i)))dA

8The limit in Stone’s formula is in the strong sense but we here want to inverse limit and integration.
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orthogonally to the L?-eigenstates associated to the discrete pure point spectrum. Eventually,
since o(—iX) = R and the only discrete eigenvalue is 0 and the absolutely continuous spectrum
is closed, 0ac(—1X) = R. O

It turns out that one can even prove the following remarkable property:

Lemma 4.7. Resonant states associated to resonances on iR are smooth. In other words, if
(=X —iXg)u =0 and u € Dl , then u is smooth.

We refer to [DZ17, Lemma 2.3| for a proof. This can be obtained as a consequence of radial
source/sink estimates (with some extra work, though), see [DZ16] for instance. As this is a
bit out of scope of the present survey, we do not detail these estimates. This has the following
consequence:

Lemma 4.8. The L?-eigenstates corresponding to the pure point spectrum are smooth. In
other words, if (—X —iXo)u =0 and u € L*(M, E), then u € C®°(M,E).

Proof. We know by the proof of Lemma 4.6 that

1
L *

where (H:C\O)* = II7;,,- These projectors take value in C°°(M,&) and therefore so does
I} O
Ao’

4.3.2. Dynamical properties of the flow and resonances. We now go back more specifically to
the spectral theory of the vector field X:

Lemma 4.9. Assume X generates an Anosov flow preserving the smooth volume du. Then
it 1s ergodic.

First of all, observe that the constant function 1 is always a resonant state at 0.

Proof. As X preserves a smooth measure, the previous paragraph applies. By definition, the
flow is ergodic with respect to du if and only if for u € L2(M,du), Xu = 0 implies that u
is constant. Now, if Xu = 0, and u is in L2, then u is smooth (by Lemma 4.8) and it is a
resonant state at 0. It is then immediate that w is constant. U

Recall that a flow is said to be mixing (with respect to the probability measure du) if, given
f1, f2 € C°(M), one has:

Clf1, fo) = /S  ilpile ) (e )da(e. o) - /M frdp x /M fodjt =150 0.

Lemma 4.10. The flow is mixzing if and only if 0 is the only resonance on the real axis.
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Proof. We fix ¢ > 0. If the flow is mixing, there exists a time 7. such that for all T >
T:, |C(f1, f2)| < e. Moreover, for R(\) > 0, using the integral formula (4.2):
+oo

Te
MR = [ AN e g it [ AN AL L

€

S(A—e o) fill 2l f2ll 2 =e A= (3’:,1)<f2,1)

+oo
+ / e MCL(f1, fo)dt

<ege— e

As A — 0, we obtain that
lim AR A1 fo) = (£ 1) (1) + O(e)

and since € > 0 was chosen arbitrarily small, we obtain that 0 is a pole of order 1 of R4 (\)
with residue —1 ® 1, the projection on the constants. The same arguments also immediately
show that for A\g € R\ {0},

lim (A —iXo)(Ry (M) f1, f2) =0

A—ind
As to R_, the same arguments apply and the residue at 0 is —1 ® 1.

The converse is obtained from the fact that the spectrum on (C-1)" is absolutely continuous.
Indeed, for fi, fo € C°°(M), orthogonal to the constants, one has:

X I R
(e f1, fo)r2 —/_ e"NdP(A) f1, f2) 12

1 [t . .
=5 (R (=iX) + R_(iA) f1, f2) 2dX
1 ~
=—T (-t
27_‘_ ( )’
where T'()\) := —((Ry(—i\) + R_(i\)) f1, f2) 2. By the spectral theorem, T' € L'(R) (and

— [{(R4-(—iX) + R_(i\)) f1, fo) r2dX = (f1, f2)12) so by the Riemann-Lebesgue theorem, one

has )
. tX _ . 7’\_ _
ST P = T 5 T =0

that is the flow is mixing. O

In order to prove ezxponential mizing (i.e. Ci(f1, f2) converges exponentially fast to 0 if the
fi’s have 0 average) and not only mixing, one needs to prove the existence of a resonance-free
strip {R(z) > —d} for some § > 0, see [Liv04, FT13, NZ15, GC20]. This is a much more
difficult question and will not be treated in the present survey.

4.4. Resonances at z = 0. The description of the resolvent at z = 0 will play an important
role in the following. By the previous paragraph, we can write in a neighborhood of z = 0 the
following Laurent expansion (beware the sign conventions):

Iy
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(Or in other words, using our abuse of notations, (X + 2)~! = Rd +1I¢ /2 + O(z).) And:

Oy
z

(Or in other words, using our abuse of notations, (z — X)™' = Ry +1I; /2 + O(2).) As a

consequence, these equalities define the two operators ROjE as the holomorphic part (at z = 0)
of the resolvents — R4 (z). We introduce:

R_(z) =—-Ry, — + 0(x).

II:=Rj +Ry . (4.10)

Note that, due to the embedding properties H® — H% — H™%, we can a priori only say that
these operators are bounded as maps H® — H~°. We have the:

Lemma 4.11. The operator I1 : H*(M, &) — H™%(M, &) is bounded for any s > 0. We have
(RS’)* =Ry, (H(J{)* =1I; = H[)F. Thus 11 is formally self-adjoint. Moreover, it is nonnegative
in the sense that for all f € C*°(M,E), (IIf, fir2 = (f,I1f) 12 > 0. Eventually, the following
statements are equivalent: (ILf, f)r2 = 0 if and only if ILf = 0 if and only if f = Xu+v for
some u € C®°(M,E) and v € ker(X).

Proof. First of all, for z near 0:
R. ()" =R_(3) = - R; ~1I; /2 + O(2)
=—(R{)" — (II)"/2 + O(2),

which proves (R$)* = Ry, (II§)* = I .
We now show that IIJ = II, . Since X is skew-adjoint, we know by [DZ17, Lemma 2.3] that
resonant states at 0 are smooth. Therefore, for any s > 0

ker(—X|ps ) = ker(X|ys ) = ran(Ily | oo (a,e)) = ran(IIg [coo (rre))

(since C°°(M, &) is dense in anisotropic Sobolev spaces). Moreover, ker(Ily |coo(ar,e)) =
ker(II§ | coe (m,e)- Indeed, if f1 € C°°(M, E) Nker(Ily), then for any fo € C°°(M, E), one has
0= (Iy f1, f2) 2 = (f1, 113 f2) 12, that is fi is orthogonal to ran(II§) = ran(Il; ) and thus for
any fa, 0 = (fi,Hy f2) 2 = (U f1, f2) 12, so f1 € C®°(M,E) Nker(II]). As a consequence,
the two projections agree on smooth sections.

To show the nonnegativity, we apply Stone’s formula to the self-adjoint operator iX (with
dense domain D;2 previously defined in (4.1)). More precisely, taking H := L*(M,&E;du) N
ker HJ , the spectrum of X on H (near the spectral value 0) is only absolutely continuous and
if 74, denotes the spectral projection onto the energies [a, b], we obtain:

L el -1
Tab] = ll—% 9 /a (X — (A +ig) ' = (X = (A—ig)) ") dr
L1 . .
= il—% 27T/a (—R_(—iA+¢) —R4i(iA+¢))dA
1 b

= —— | (R_(=i)\) + R (i\) d),

a
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where the limit is understood in the weak sense (by applying it to f € C*°(SM,E) N ker Har
and pairing it to f). We then obtain:

ONT (oo A=0 = %(RE +Ry) = % > 0.

Assume (IIf, f)2 = 0 for some f € C®(M,E&); as Ry = (RJ)*, equivalently we have
R((R{ f, f)r2) = 0. Using the fact that H5 = kerIIj @ ranIl for any s > 0, as well as
the relation X Ry = 1 — I given in (4.12) below, we have that X : ker IT§ = ker g is
an isomorphism with inverse + RS‘. Thus setting u := + RS‘ fand v := HE)" f, we may write
f=Xu+v. We compute

0=R(Ry f, f)r2) = RU(u, 1y [+ Xu)2) = R((u, Xu) o) = —=S((—iXu,u)2), (411

using that II is formally self-adjoint and u € kerII§. Since f € C®(M,E) C HS for any
s > 0, we have u € H7 for any s > 0, and so the wavefront set of u satisfies WF(u) C E.
Thus again an application of [DZ17, Lemma 2.3] gives u € C*°. It is then immediate that
II1f = 0, thus completing the proof.’ O

In the following, we will write ker X instead of ker X|3s in order not to burden the nota-
tions, but be careful that we are always referring to elements in anisotropic spaces (otherwise,
ker X|p-s is infinite dimensional for any s > 0). We also record here for the sake of clarity
the following identities:

I RS =Ry IF =0, Iy Ry =R, II; =0,

4.12
XIF =X =0, XRy =R{X=1-1J, -XR; = -Ry X =1-TI;. (4.12)

We also have:

Lemma 4.12. We have:

(1) If u € ker(X), then u € C*°(M,E) and u does not vanish unless u =0,
(2) There exists a basis u1, ..., up of ker(X) such that

p

Hoi = Z<~,ui>L2ui.

i=1

(3) Let uq,...,up be a basis of ker(X). Then for all x € M, the vectors (u1(z), ..., up(x))
are independent as elements of E,. We can thus always assume that (u1(z), ..., up(x))
are orthonormal.

(4) In particular, dim(ker(X)) < rank(&).

This Lemma is a simple consequence of the previous discussion and we leave it for the
reader as an exercise.

INote that the positivity of IT alternatively follows from (4.11) and Lemma [DZ17, Lemma 2.3].
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5. LIVSIC THEORY

As in the previous section, we consider the case of a smooth manifold M endowed with an
Anosov vector field X, and denote by G the set of periodic orbits. We will also always assume
that the flow is transitive i.e. there is a dense orbit. For such an Anosov flow, periodic orbits
are dense and one can expect that the knowledge of the behaviour of a function (or a more
general object) along closed geodesics allows to reconstruct the function on the whole of M
up to some natural obstructions. This is the content of the Livsic theory.

5.1. Elementary properties of Anosov flows. We first need to recall some results on
periodic orbits for Anosov flows. An integral version of the Anosov property (2.4) is the
existence of strong stable and strong unstable manifolds W#%*: given x € M, there exists two
(smooth) immersed submanifolds

W (x) == {y € M [ (s, p1y) = t-st400 0},

whose tangent space at y € W*"(z) is given by Fs,(y). We will denote by W2""(z) the set
of points

Wt (x) i={y e M| V£t 2>0,d(px, pry) < &, d(1, 1Y) —t—t+00 0} -
The following Proposition is known as the Anosov closing lemma.

Proposition 5.1 (Anosov closing lemma). There exists constants C,0,Ty > 0 such that for
e > 0 small enough, if x € M satisfies d(orx,z) < € for some T > Ty, then there exists a
periodic point xg € M of period T + 7, with T < Ce, such that

max (d(z, o), d(prz, x0)) < €.
Moreover, for allt € [0,T]:
d(gotx, SOtp) < Cee—@min(t,T—t).

Although we isolated it, this closing lemma follows from a more general shadowing lemma
which is the content of the following Theorem. We will write v = [zy] if v is an orbit segment
with endpoints x and y.

Theorem 5.2 (Specification Theorem). There exist g, Tk, C, 0 > 0 with the following prop-
erty. Consider e < g, and a (possibly infinite) sequence of orbit segments v; = [x;y;] of length
T; greater than Ty such that for any n, d(yn, xnt1) < €. Then there exists a true orbit vy of the
flow and times T; such that -y restricted to [r;,7; + T;] shadows ~; up to Ce. More precisely,
for all t € [0,T;], one has

d(v(7i + 1), 7(1)) < Cee” MO0,

Moreover:
|Tiv1 — (7 + T3)| < Ce.

FEventually, if the sequence of segments y; is periodic, then the orbit v is periodic.
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We refer to [KH95, Corollary 18.1.8] and [HEF, Theorem 5.3.2] for a proof. The last bound
is a consequence of hyperbolicity and can be found in [HF, Proposition 6.2.4].

In particular, if vy is an orbit segment [zy] with d(y,z) < &g, then applying the above
theorem to v; = g for all © € Z, one obtains a periodic orbit that shadows vg: this is nothing
but the Anosov closing lemma, see Proposition 5.1.

5.2. Abelian X-ray transform. The usual Abelian X-ray transform consists in integrating
continuous (or Holder-continuous) along closed geodesics.

Definition 5.3. We define the X-ray transform I : CO(M) — ¢>°(G) by:

1 [t
If:G>vy— ﬁ(v)/o fpi())dt

where £(7) is the period of v € G and z €  is an arbitrary point.

It is straightforward that any function of the form f = Xwu, for u sufficiently regular is in the
kernel of I. The celebrated Livsic’s Theorem characterizes the kernel of the X-ray transform:

Theorem 5.4 (Livsic 72, De La Llave-Marco-Moriyon ’86). If f € C*(M) for some « €
(0,1) UNU {400} and If =0, then there exists u € C*(M) such that f = Xu.

For a € (0,1) (i.e. in Holder regularity), the original proof can be found in the paper of
Livsic [Liv72]. We also refer to the proof of Guillemin-Kazhdan [GK80a, Appendix| and to
[KH95, Theorem 19.2.4]. The idea is to define u as the integral of f over a dense orbit in
the manifold and then to compute the Holder regularity. The hardest part of the previous
statement is to prove that u is more regular than Hoélder continuous when f is smoother:
this was proved in [dILMMS&6]. In the particular case where X preserves a smooth measure
dp (which is the case of the geodesic flow for instance), this can be proved fairly easily via
microlocal techniques.

Proof. We first deal with the Holder case ie. a € (0 1) We consider a point zy whose
orbit O(xg) is dense in M and we define u(pizg) = fo (psxo)ds (remark that Xu = f on
O(zo) by construction). Let us prove that u is C* on O(xg). We pick z,y € O(xg) such that
d(z,y) < € (in particular, the Anosov closing lemma of Proposition 5.1 is satisfied at this
scale). We write © = ¢,y = @rrrro and we assume that 7' > T, which is always possible
since the orbit is dense. Let p be the periodic point of period T+ 7 (with |7| < Cd(z,y))
closing the segment of orbit [xy]. We have:

T
u(x) — uly) = / F (o) ds
/ flosz) — f(psp)ds + / o fpsp)ds — /T " f(psp)ds

=) (11 =(Im)

And:
T

T
M) < /0 1flced(psz, oup)ds < C||flcnd(z,y)° /0 e~ mINGT =) 4g < ()
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By hypothesis, we know that (II) = 0. And [(III)| < | flleolT| < d(x,y). As a consequence,
uis C% on O(xp) (and its C“ norm is controlled by that of f). Since O(x¢) is dense in M, u
admits a unique C'*-extension to M and it satisfies Xu = f.

We now assume that X preserves a smooth measure du and consider the case where
a = oco. We want to prove that u € C*°(M). We already know that f = Xwu, for some
Holder-continuous u and we can always assume that u integrates to 0. As C* — H., we can
apply the positive resolvent Rg which gives Rar f= Rar Xu = u and thus WF(u) C E¥. But
we can also apply the negative resolvent R, which gives that WF(u) C E}. Since E; and
E¥ are transverse, this implies that WF(u) = 0, that is u is smooth. If X does not preserve
a smooth measure, a similar microlocal argument can be applied, but one has to work with

10

other spaces than anisotropic Sobolev spaces and the proof is more involved, see [GL]. [l

5.3. Approximate Abelian Livsic Theorem. It is also possible to prove a positive version
of the Livsic theorem (see [LT05]) i.e. if If > 0, then f is cohomologous to a positive function
i.e. there exists a function v and h such that f = Xu+ h and h > 0. In the following, we will
rather need an approzimate version of the Livsic theorem proved in [GL19al:

Theorem 5.5 (Gouézel-L. '19). There exists C, 7, > 0 such that the following holds: assume
that f € C*(M) and ||f]|cn <1 and

sup [1f(7)| <e,

veG
for some € > 0 small enough. Then, there exists u,h € C*(M) such that f = Xu + h and
[hlca <eT.

The idea of proof goes as follows: first of all, one constructs a specific orbit, of controlled
length O(¢~1/2) which is sufficiently dense in the manifold (i.e. & dense) and sufficiently
separated (i.e. a transverse disk to the orbit of size ~ £ does not hit another portion of the
orbit). Once one has this good orbit, one can more or less follow the proof of the exact Livsic
Theorem. Note that, in contrast to the exact Livsic Theorem, it is not clear yet if a smoother
version of the approximate Livsic Theorem exists:

Question 5.6. Assume that f € C¥(M), || f|lcx < 1 (for some k > 0) and

sup [If(7)| <e,
vEG

for some £ > 0 small enough. Is it then possible to decompose f = Xu+ h with ||hl|ox < &77

Proof of Theorem 5.5. The following lemma states that we can find a sufficiently dense and yet
separated orbit in the manifold M. The separation holds transversally to the flow direction,
and is defined as follows. We introduce

We(x):= | Wi(a).
yeW (x)
We then say that a set S is e-transversally separated if, for any x € S, we have SNW.(z) = {z}.

101f this is not the case, the argument is more involved, see [dILMMS&6]. In our applications, X will be the
geodesic flow, so it will indeed preserve a smooth measure du (the Liouville measure).
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Lemma 5.7. There exist Bs, g > 0 such that the following holds. Let € > 0 be small enough.
There exists a periodic orbit O(xg) = (pio)o<i<r with T < e~'/2 such that this orbit is
EES—tmnsversally separated and (pix0)o<t<T—1 1S ebi_dense. If kK > 0 is some fized constant,
then one can also require that there exists a piece of O(xg) of length < C(k) which is k-dense
in the manifold.

This Lemma is the cornerstone of the argument. Since it is technical, we do not intend to
prove it here and refer to [GL19a, Lemma 3.4] for a proof. It uses the specification Theorem
5.2.

We can always assume that ¢ is small enough (i.e. £ < ¢g) to apply Lemma 5.7, with k = €.

On the orbit O(z¢) given by this lemma, we define @ by

@(@tﬂﬂo)Z/O fpszo)ds.

Since it may not be continuous at xg, we will rather denote by O(xg) the set (vrxo)o<t<r—1-
Lemma 5.8. There exist 31,C > 0 independent of € such that ||a||os, (O < C-

Proof. We first study the Holder regularity of @, namely we want to control |a(z) — @(y)| by
Cd(x,y)? for some well-chosen exponent (1, when d(x,y) < eo (Where g is the scale under
which the Shadowing Theorem 5.2 holds). If 2 and y are on the same local flow line, then
the result is obvious since f is bounded by 1, so we are left to prove that u is transversally
CPr. Consider © = @y,20 € O(x0) and y = @4t € Weo(x). By transversal separation of
O(z0), these points satisfy d(x,y) > &%. We can close the segment [zy] i.e., we can find a
periodic point p such that d(p,x) < Cd(x,y) with period t, = t + 7, where |7| < Cd(z,y)
which shadows the segment. Then:

) - st <| | i [ reis| + | " fpp)ds

=(1) =(II)
The first term (I) is bounded by Cd(z,y)% for some B, > 0 depending on the dynamics,
whereas the second term (II) is bounded — by assumption — by €t,, as in the proof of the
usual Livsic Theorem 5.4. But et, < et < eT < e'/? < d(x,y)/?%. We thus obtain the
sought result with 31 := min(3], 1/28;).
We now prove that @ is bounded for the C%-norm. We know that there exists a segment
of the orbit O(xzg) — call it S — of length < C which is gp-dense in M. In particular,

for any = € O(xp), there exists g € S with d(x,zg) < €p, and therefore |tu(z) — a(zs)| <

Cd(z,z5)% < ngl thanks to the Holder control of the previous paragraph. Using the same
argument with zo, we get as @(zg) =0

a(z)| = |u(z) — u(zo)| < |u(x) — u(xs)| + |a(rs) — ul(zo)s)| + |u(zo) — ul(z0)s)]-
The first and last term are bounded by ngl, and the middle one is bounded by C' as S has
a bounded length and || f||co < 1. O

We now cover the manifold M by a finite union of flowboxes U; = Uyc(—s55)¢t(2:) (of
some small § > 0), where ¥; := W (x;) and z; € M. For each i, we extend the function
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@ (defined on O(zp)) to a Holder function u; on ¥;, by the formula u;(z) = sup, i(y) —
all 1 (0o )) A, y)?1, where the supremum is taken over all y € O(20). With this formula, it
is classical that the extension is Holder continuous, with [[usl|ce: (v,) < [|@llcsi (0(ag))- We then
push the function u; by the flow in order to define it on U; by setting for x € ¥, prx € U;:

wilpr) = ui(x) + /0 F(psw)ds.

Note that the extension is still Holder with the same regularity. We now set u := ), u;6; and
h:=f—Xu=—>,u;X0;. The functions X0; are uniformly bounded in C*°, independently
of € so the functions u; X6; are in C#' with a Holder norm independent of € > 0 and thus
[1hflcs < C.

Lemma 5.9. ||h]|gs,/2 < e%/2
Proof. We claim that h vanishes on O(zg): indeed, on U; N O(xp) one has u; = @ and thus

h = —ﬂZX@i = —@XZ@ = —aX1=0.

Since O(wp) is e’i-dense and |h||os, < C, we get that ||hl|co < CePPi = Cef3| where
f3 = B14. By interpolation, we eventually obtain that ||h[/os,/2 < efs/2, d

The previous lemma provides the desired estimate on the remainder A and completes the
proof of Theorem 5.5. N

5.4. Livsic theory for cocycles. Let G be a Lie group. We now consider a smooth cocycle
C: M xR — G over the flow (p;)cr generated by X i.e. a map satisfying:

C(psz,t)C(x,s) = C(x,s + 1),

for all x € M, s,t € R. Its infinitesimal generator is defined to be
d
f(IE) = &C(:Evt) € COO(Mag)v

and C can be recovered from f as the unique solution the following ODE:

O(@,0) = e, L0, 1) = dRegop (o).

where e denotes the neutral element in G and R, is the multiplication on the right by g € G.
A typical example of a cocycle is provided by parallel transport of sections of a vector bundle
£ — M along the flowlines of X, and with respect to a connection V¢. This will be extensively
studied in §8. In the particular case where £ = C" x M is trivial (of rank r) and the connection
is unitary, the parallel transport is indeed a cocycle C' : M x R — G, where G = U(r), the
group of unitary matrices. We now introduce the periodic orbit obstruction:

Definition 5.10. We say that C satisfies the periodic orbit obstruction if C(z,T) = eq for
any periodic point x € M (where T denotes the period of x).
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The previous X-ray transform of f € C°(M) can be integrated in this framework by con-
sidering the cocycle:

o) = ([ flomutw) as)

Then If = 0 if and only if C satisfies the periodic orbit obstruction in the Lie group (R, x).
There is a generalization of Livsic’s Theorem to this framework, due to [Liv72, NT98|, which
we will call the Livsic cocycle Theorem:

Theorem 5.11 (Livsic '72, Nitica-Torok '98). Let G be a Lie group, let C : M xR — G
be a a-Hélder continuous cocycle which satisfies the periodic orbit obstruction. Then C is
cohomologically trivial, i.e. there exists u € C*(M, Q) such that

Cla,t) = u(r)u(z) L,
for allx € M,t € R. Moreover, if C is smooth, then u is also smooth.

The same proof as that of Theorem 5.4 can be mimicked in order to deal with the case
of Holder regularity but proving that u is smooth when C' is smooth is harder. The original
arguments of [NT98] involve more sophisticated tools from hyperbolic dynamical systems. An
alternative approach involving microlocal analysis (in the case where G is a linear Lie group)
can be found in [GL]. As in the case of the Abelian Livsic Theorem, one can also prove
an approximate version of the Livsic cocycle Theorem. The following was proved in [CLb],
following the arguments of the approximate Livsic theorem [GL19a| and formulated in the
case of G = U(r). The generalization to any compact Lie group is straightforward:

Theorem 5.12 (Cekic-L. ’20). Let G be a compact Lie group, let C : M x R — G be a
a-Hélder continuous cocycle. Assume that

da(C(x,T),eq) < T,
for all periodic point x € M (where T is the period of x), where ¢ > 0 is small enough. Then,
there exists u € CP(M,G) (where 0 < B < « only depends on the vector field X and on a)
and a B-Holder continuous cocycle C' : M x R — G such that:
C(z,t) = u(p)C’ (z, tyu(z) ",
and C" is generated by f' € CP(M,g) such that:

1 losag) < €7
Here 7 > 0 only depend on the flow.

As in the Abelian case, it is not clear yet if this Theorem holds in higher regularity, namely
if C' is smooth (or bounded in some C* regularity), can one show that || f'||cx < Ce™? It could
also be interested to deal with the case of a general Lie group G.

Remark 5.13. The previous results are formulated in the case where G is a trivial principal
bundle. This can easily be generalized in order to include the non-trivial case. We refer to
[CLb, Section 3| for further details and more general statements.
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Part 2. Geometric inverse problems
6. GEODESIC X-RAY TRANSFORM

6.1. Definition and first properties. This paragraph is an application of the Abelian Livsic
theory of §5.2 to the geodesic case, i.e. when X is the geodesic vector field on the unit tangent.
We assume that (M, g) is an Anosov Riemannian manifold and set M := SM and X is the
geodesic vector field. In this case, we know by Lemma 2.3 that there exists a unique closed
geodesic by free homotopy class ¢ € C (where C denotes the set of free homotopy classes) and
we can therefore identify the set G of periodic orbits of the geodesic flow (¢;)ier with C. The
Abelian X-ray transform of Definition 5.3 can therefore be seen as a map

e
Pt{T, v dta
Ly(c) Jo
where (x,v) is an arbitrary point on the unique closed geodesic v4(c) € ¢ in the free homotopy
class ¢ € C. We will be particularly interested in the case where the functions are pullback via

I:C%SM) — £2(C), If(c):=

the map 7, of symmetric tensors on the base M, as introduced in §3. We therefore consider:
I, :=1Iom,

Of course, using the relation X, = 7, D of Lemma 3.2, it is clear that potential tensors
are always in the kernel of I,,, namely:

{Dp|peC®(M,@F'T*M} C ker(In). (6.1)

Definition 6.1. We say that [, is solenoidal injective (or s-injective in short) if the inclusion
(6.1) is an equality.

Observe that by the Livsic Theorem 5.4, if I,,f = 0, then 7, f = Xu, for some smooth
function u € C*°(SM). An equation of the form Xu = F (where F' € C*°(SM)) is called
a cohomological equation. By the discussion on symmetric tensors of §3.1.1, we know that
. f € C®°(SM) has degree at most m (see Lemma 3.1) and more precisely, 7, f = fm +
fm—2+ ... where f,_9; € C°(M,Qp,_2;). By the mapping properties of X (see Lemma 3.6) it
immediately implies that u has only odd Fourier components (resp. even) if m is even (resp.
if m is odd). The question is then wether u has degree m — 1 or not. If it is the case, then
this proves that f is a potential tensor as u can be written in the form v = 7, _;u and thus
Xu=m _u=m),Du=m,f thatis f = Du.

We will explain the solenoidal injectivity of the X-ray transform in the following cases (see
[CS98, DS03)):

Theorem 6.2 (Croke-Sharafutdinov '98, Dairbekov-Sharafutdinov ’'03). Assume (M,g) is
Anosov. Then Iy and I are solenoidal-injective. If we further assume that (M,g) has non-
positive curvature, then I, is solenoidal-injective for every m € N.

In the two-dimensional case, the curvature assumption can be relaxed and I, is known to
be injective or any m € N as long as (M, g) is Anosov (see [PSU14, Guil7a|). It is conjectured
that this should also hold in higher dimension:

Question 6.3. Is I, solenoidal-injective when (M, g) is Anosov (in any dimension)?
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The strategy of proof of Theorem 6.2 relies on an energy identity called the Pestov identity
and is done in two steps. First of all, one proves that given a cohomological equation Xu = f,
where f = fo + ...fm, (and f; € C°°(M,€;)) has finite degree m € N, then u also does have
finite degree.

Lemma 6.4. Assume f,u € C®(SM) and Xu = f with deg(f) < oco. Then deg(u) < occ.

The proof is explained in the next paragraph. As a consequence, we can write u = ug +
o Fuy with u; € C*°(M,Q;). We now assume by contradiction that N > m. Projecting
the equality Xu = f onto the spherical harmonics of degree N + 1 and using the mapping
properties of X (see Lemma 3.6), we obtain that X uy = 0, that is uy is a CKT of degree N,
as they were introduced in Definition 3.7. As a consequence, if one can prove that there are no
CKTs of degree m > 1, this implies that uy = 0 which is a contradiction, hence N < m — 1.
The second step is to prove:

Lemma 6.5. If (M, g) has negative curvature, there are no CKTs of degree m > 1.

It is remarkable that this strategy still works when when twisting with an arbitrary vector
bundle £ (modulo some extra work). This is explained in §6.3. Both Lemmas 6.4 and 6.5 rely
on the so-called Pestov energy identity.

6.2. Pestov identity, cohomological equations. We start with the case of the trivial line
bundle C x M — M.

Lemma 6.6 (Pestov identity). Let u € H*(SM). Then

Vv XulFasarny = IXVvullTzsaray — (RVv Vvu) 2 sarnn + (0= D Xul 725
Proof. For u € C*°(SM), using the commutator formulas (2.2):

|VyXu|? = |VxVyul]? = (VyXu, VyXu) — (VxVyu, VxVyu)

(X divy Vy X — divy X2Vy)u, u)
((—divyg Vy X + divy XVi)u, u)
((—divg VyX + divy Vg X + divy RVvy)u, u)
= —(n — 1)(X?u, u) + (divy RVvyu, u)
= (n — 1)||Xul]* = (RVyu, Vyu)

An important point is the following:

Lemma 6.7. Assume (M,g) is Anosov. Then, there exists C > 0 such that for all Z €
C>®(SM,N):

HXZH%%SM,N) ~(RZ, Z) r2(smn) = CHZH%Q(SM,/\/)'
Proof. First of all, observe that for Z € C*°(SM,N), pointwise in SM:
X(Z,UZ) = 20UZ,XZ) + (Z,(XU)Z)
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Consider U € C*(SM,End(N)), one of the two solutions of the Riccatti equation (2.5). Then
for (z,v) € SM:
\XZ —~UZP*(x,v) = | XZ(x,0)|* + |UZ(x,v)|* = 2(X Z(x,v),UZ(2,v))

= |XZ(x,0)|* + (U*Z(x,v), Z(2,v)) — 2(X Z(2,v),UZ(z,v))

= |XZ(x,v)|* — (RZ(x,v), Z(2,v))

—((XU)Z(z,v), Z(z,v)) — 2(X Z(z,v), UZ(x,v))

= |XZ(z,v)|? — (RZ(z,v), Z(z,v)) — X(Z(z,v),UZ(z,v)).
Integrating over SM, we obtain:

IXZ|72 = (RZ, Z) 12 = (X = U)Z] 7.

We now specify U = Uy and consider the operator —X +U, : C°(SM,N) — C*°(SM,N).
By (4.2), the resolvent of this operator is initially defined on {f(z) > 0} by:

o0
(- X+Uy —2)7t = —/ e el XU gy, (6.2)
0
where e!(=X+U+) = Ry, (t) is the propagator introduced in Lemma 2.1, namely

Ry, (t) = (=X + Uy) Ry, (t), Ry, (0) = 1.
Using the bound of Lemma 2.1, we then obtain:
C

+0o0
o . o —1 < 7%(z)t —At = —\
=X = U2) = 2) Miatsanoszsing € [ e Nar = o S

This shows that the resolvent (6.2) is holomorphic in {R(z) > —A}. In particular, it is well-
defined at 0 and thus:

1ZN 2smny < C/A XX = Us)Z| L2(sm0) -
O

Combined with the previous Lemma, a direct consequence of the Pestov identity is the
following injectivity results for the geodesic X-ray transform:

Lemma 6.8. Assume (M, g) is Anosov. Then Iy is injective on C*°(M) and I is solenoidal
injective on C*°(M,T*M).

Proof. Assume f € C*°(M) satisfies Ipf = 0. Then, by the smooth Livsic Theorem 5.4, there
exists u € C*°(SM) such that n§f = Xu. Applying the Pestov identity of Lemma 6.6, we
obtain:

IVyXullZ2sarn = 0 = X VvullT2(sarnr — (RVv, Vvu) p2esarny +(0 = DI X225

>0
and thus by Lemma 6.7, we obtain Xu = 0, hence f = 0.
Let us now assume f € C°(M,T*M) satisfies I f = 0. Then n} f = Xu for u € C*(SM).
An easy computation shows that:

IV Xul 2200 ) = (AT 71 ) 2sany) = (0= DT F T2 sany-
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Hence, by the Pestov identity: HXVV“”%%SMN) — (RVvu, Vyu) r2(spny = 0, and Lemma
6.7 implies that Vyu = 0, that is u is of degree 0. O

The previous Pestov identity of Lemma 6.6 specified to a function u € C*°(M,Q,,) yields
the

Lemma 6.9 (Localized Pestov identity). Let u € C*°(M,Qy,). Then:
(2m +n = 3)| X_u® + [|Viull]® — (RVvu, Vyu) 2 = (2m +n — 1) Xl

The proof is similar to that of Lemma 6.6 using the commutator identities (we refer to
[PSUL5, Proposition 3.4]). The crucial observation (which is a straightforward consequence
of the previous Lemma 6.9) is that if the sectional curvatures are non-positive:

1X—ul® < e(m, n)|| XtulZs, (6.3)
for u of degree m, where
( ) 2m+n—1
c(m,n) = ———.
’ 2m+n—3

We can now prove Lemma 6.5.

Proof of Lemma 6.5. If u € C®°(M,Q,,), X;u = 0 and the sectional curvatures are non-
positive, (6.3) implies that X_u = 0. Thus Xu = (X_ + X;)u = 0. By ergodicity, u is
constant, thus v = 0 if m > 1. O

We now go on with the proof of Lemma 6.4:

Proof of Lemma 6.4. We assume that Xu = f and f has finite degree. We want to show that
u has finite degree too and we argue by contradiction. We decompose v = ug + u1 + .... As
f has finite degree, the cohomological equation Xu = f gives Xjur_1 + X_ug1 = 0 for all
k > ko for ko is chosen large enough (greater than deg(f)). As a consequence, using (6.3):
X ur—1ll7z = 1 X—upsa]|72
< ek +1,n) || X pupp]|72
c(k + L n) || X_upys 72

N
c(k + 1, n)e(k +3,n) | X pupysl72 < - H (k+ 1+ 2)) | X urr1pan]72

C
Since u is smooth, we know by Lemma 3.9 that [|[ X uy|3, < N—Z for any a > 0. It is

then sufficient to prove that the product H;VZI c(k + 1+ 27) diverges polynomially fast, i.e.
Hj-vzl c(k+1+2j) < NP, for some exponent § > 0 (left to the reader). As a consequence, we
deduce that

N
H (k+ 14 2))| Xy tups142n 72 = N0 0.

This implies that X+uk_1 = 0, hence ug_1 = 0 since there are no CKTs by Lemma 6.5. Hence
u has finite degree. O
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6.3. Twisted cohomological equations. It is remarkable that the previous strategy still
works in the case where one introduces a twist by a vector bundle &€ — M, as in §2.2. This
was discovered in [GPSUL6].

Lemma 6.10 (Twisted Pestov identity). Let u € H?(SM,7*E). Then
IVGXulZ2 = [XViulfz — (RVGu, Viu) 2 — (Fu, Viu) e + (n - 1)[Xul| 7.
We also have a localized twisted Pestov identity when specified to u € C*°(M,Q,, ® &):

Lemma 6.11 (Localized twisted Pestov identity). Let u € H*(M,Q, ® £). Then:
(2m +n = 3)|Xul* + | Vizul* — (RV§u, Viu) 2 — (Féu, Viu) 12 = (2m +n — 1) Xyul|?

The proofs of these lemmas can be found in [GPSU16, Section 3]. Some extra-work is then
required but, using this identity, one can still prove a similar result to Lemma 6.4, asserting
that solutions to twisted cohomological equations Xu = f have finite degree when f has finite
degree:

Lemma 6.12. Assume f,u € C*°(SM,n*E) and Xu = f with deg(f) < co. Then deg(u) <
0.

We refer to [GPSU16, Theorem 4.1] for a proof. As before, if f is of degree m and Xu = f,
the (finite) degree of u is determined by the (non)existence of twisted CKTs, i.e. elements
in ker X ;. By [CL20], a connection V¢ has generically no CKTs, which implies in particular
that for such a generic connection, the cohomological equations are solvable, that is if Xu = f
with f is of degree m, then w is of degree m — 1. However, there are exceptional connections
which always carry CKTs and it is not always easy to compute them. Nevertheless, still using
the twisted Pestov identity, one can show the following:

Lemma 6.13. Assume that (M, g) has negative sectional curvature bounded from above by

—k < 0. Let & — M be a smooth vector bundle with a unitary connection V€. Then if m > 1

satisfies

A F® |70
2

one has ker X |geo(11,0,,@m) = {0} In other words, there is always a finite number of CKTs.

Am i =m(m+n—2) >

)

We refer to [GPSU16, Theorem 4.5] for a proof. Passing from the negatively-curved case to
the Anosov case is still a big step to accomplish. In particular, one can wonder if analogous
results to Lemma 6.12 and 6.13 can be proved without any assumption on the curvature:

Question 6.14. If (M, g) is Anosov and Xu = f, with deg(f) < oo, does it imply that
deg(u) < c0?

Question 6.15. If (M, g) is Anosov, is there always a finite number of CKTs?
Eventually, it is not clear at all whether Lemma 6.13 is optimal and we ask the following:

Question 6.16. Is Lemma 6.13 sharp? Can one find a better condition to ensure absence of

CKTs?
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6.4. The normal operator. We now discuss in greater details the properties of the geodesic
Abelian X-ray transform introduced in §6.1 via the introduction of the normal operator, also
called generalized X-ray transform. Although most of the results presented in this paragraph
could be easily extended to the twisted case involving a vector bundle & — M, we stick to the
trivial line bundle. This paragraph relies heavily on microlocal analysis. We refer the reader
to Appendix A for further details.

6.4.1. Definition, first properties. Let
Iy =7 (I +1 ® )7, (6.4)

be the normal operator, where we recall that IT = RBL +R, is defined thanks to the holomorphic
parts of the resolvents at z = 0. It was introduced by Guillarmou [Guil7a]. We will see that
it enjoys very good analytical properties.

Recall from §3.1.2 that given (x,£) € T*M, the space ®¢T;M decomposes as the direct
sum

®ETyM = ran (iap(x, §)|®?71T:M> @ ker (iop= (2, &)|omrsr)

= ran (%‘@@“*W;M) @ ker (1g:]@mrsn)
The projection on the right space parallel to the left space is denoted by 7yer ;. and Op(Tker is) =
Tker D* + (’)(\I/’1) by Lemma 3.5. The following theorem will be crucial in the sequel.

Theorem 6.17. II,, is a pseudodifferential operator of order —1 with principal symbol
27
Cn,m

O = om,, & (2,8) — ’frlﬁkerif”m*ﬂnwkerié’

with: -
C’n,m:/ sin"_2+2m(go)dg0.
0

We now need some wavefront set computations. For that, we are going to rely on §A.3. We
introduce
VY(V)=0H"(H+R-X)=0.
Recall that m : SM — M denotes the projection. We have the following

Lemma 6.18. One has:

WF'(m,) C ((m%(@}\q)), (@,8) | | (z,§) € T"M \ {0}
v+ €l

In particular, if w € C~°(M,FT*M) then, WF(m} u) C V*.
Proof. The case m = 0 is rather immediate and follows from Lemma A.16, since dn(V) = 0.
We have for z = (z,v) € SM:

WF(mqu) C {(z,dw(z)Tn)7 (m(2),m) € WF(u)} C V*

As to the case m > 1, it actually boils down to the case m = 0. Indeed, consider a point xg €
M and a local smooth orthonormal basis (e1(2), ..., ex(m) (7)) of ®ET*M in a neighborhood
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-1
Vi of xg, where N(m) = (n + m) denotes the rank of ®T*M. Consider a smooth
m

cutoff function y such that y = 1 in a neighborhood Wy, C V,, of o and supp(x) C Vy,.
Any smooth section ¢ of @FT™*M can be decomposed in V,, as:

N(m)
V) = 3 (), i) ges o)

Thus:
N(m) N(m)

TnOX0) = 3 7 (@), xes(@)g) T = 3 (Aj¥) maes,

J Jj=1

3

I
—

where the A; : C®°(M,Q%T*M) — C*(M,R) are pseudodifferential operators of order 0
with support in supp(x). This expression still holds for a distribution u. Note that = e; is
a smooth function on SM, thus the wavefront is given by the 7§(A;¢) and by our previous
remark for m = 0:

WF(r;, (xu)) C V*
O

In other words, 7, localizes the wavefront set in V*. Moreover, since ,,, consists in
integrating in the fibers S; M, one has by Lemma A.14

WEF(Tmu) C { (2,€) | v € SxM,((x,v),dTrTg,\(L) e WF(f) p, (6.5)

so that m,, only selects the wavefront set in V* and kills the wavefront set in the other
directions.

For £ > 0, we consider a smooth cutoff function x such that y =1 on [0,¢], and x =0 on
[2e, +00). For R(\) > 0, we write

2e +oo
Ri(\) = / x(t)e Me X dt +/ (1—x(t)e Me Xat
0 €

2e T
= /0 x(t)e Me X dt + / (1 —x@)e Me ™ Xdt + e TP TXRL(N),

where T' > 2¢. Note that this expression can be meromorphically extended to the whole
complex plane since R4 (A) can by Theorem 4.2. Taking the finite part at 0, we obtain:

2e T
Ry = / x(t)e ¥ dt + / (1—xt)e Xdt+e T Ry—Tx1®1
0 €

Note that the last operator is obviously smoothing. We will write

Ap(M x M) = {(z,2") € M x M,d(z,2") =T} .
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By the previous computation, we obtain:

2¢e T
Tm«Romy, = TFm*/O x(t)e Xdir, + wm*/ (1 — x(t)e Xdtn?,
3
+ Tmse TX Rom*, 4+ smoothing

Lemma 6.19. One has:
T
suppsing (wm*e_TXngfn) , suppsing (Wm*/ (1— X(t))e_thtwfn> C Ar
15

Proof. By Lemma A.22 and Example A.18,

WF'(e7"* Ry) C {(®1(2,€),(2,9)) | (2,€) € T*(SM)}
-0,
U {(®:(2,6), (2,6) | t = T,(§, X(2)) = 0} UE], x E
=C> \_;63—/

Since V* N EX, V* N E! = {0}, using (6.5) together with Lemma 6.18, and applying Lemma
A.22, we see that Cs does not contribute to the wavefront set of 7, e~ 1 X Rom,. Since there
are no conjugate points (i.e. dp, (V*) N V* = {0} for all ¢ # 0), Cy does not contribute
neither. Only C; contributes to the wavefront set and the sought result follows. We leave it

as an exercise for the reader to prove that suppsing (ﬂ'm* fsT(l —x(t)e X dtw%) CAp. O

Here is what we have proved: if we go back to the decomposition

2e +o00
Ri(\) = / x(t)e Me X dt +/ (1 — x(t)e Me M ¥dt,
0 €

take the finite part at 0 and pre/post-compose with 7, /7, we obtain that

2¢e
Tms R0, = TI'm*/ X(t)e*txdm;1 + Rrp,
0

where suppsing(Kg,) C Ar(M x M). Since T' > 2¢ was chosen arbitrary, if we go back to
the operator II,,, then we obtain that for any ¢ > 0:

+e
I, = T / x(t)e X dtn?, + smoothing,
—&

where x is a cutoff function chosen to be equal to 1 at 0 and 0 outside (—¢,¢).

We can now prove Theorem 6.17. We will only deal with the case of Il since it is rather
similar for higher order tensors but complications arise due to the fact that the rank of
®eT*M — M is strictly bigger than 1. However, the computation for the principal symbol
will be carried out in full generality.

Proof of Theorem 6.17. By the previous discussion, we have to prove that g, ffa etX dtmg is
a pseudodifferential operator of order 0, where we can choose € > 0 small enough, less than
the injectivity radius of (M, g). Note that mp, is simply the integration in the fibers S, M.
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We fix a local chart (U, ¢) and compute everything in this chart. If x is a cutoff function with
support in ¢(U) such that eX (supp(x)) C p(U) for all t € (—¢,¢), then for f € C(p(U)):

&€

<X7T0* | etxdmz;x> fa) = [ @ | it terte o

—€ —€

=3 @ | mit it oo

For fixed x, since € > 0 is smaller than the injectivity radius of (M,g), the map (¢t,v)
mo(pe(z,v)) = exp,(tv) is a diffcomorphism from [0,¢) x S, M onto B(z,e). By making a
change of variable in the previous integral, we obtain

c tX * _
o / e f(a) = /@ K@ iy

with K (z,y) = 2x(x)x(y)| det d(exp; 1)y|\/det g(y)/d™(z,y). We compute the left symbol
p(z, &) = / e K (2, — 2)dz,
Rn+1

and we want to prove that p € STHR2T! x R?‘H). We write F(z,z) = K(z,z — z). By
[Tay11, Proposition 2.7], this amounts to proving that

Va, B, 3Cus > 0,5z € p(U), Y2 #0,  [0P0%F(x,2)| < Coplz| 1 (6.6)

The singularity of F' is induced by (z,2) = d"(x,z — 2) (remark that F(x,z) ~|; -0
2x(r)%\/det g(z)|z|™") so this boils down to proving (6.6) for this function. But by the
usual argument relying on Leibniz formula for the derivative of a product, this amounts to
proving

Va, B, 3Ca5 > 0,V € p(U),Vz # 0, \858?d"(x, z)| < Cag\z\"_|°‘|.

But this is a rather immediate consequence of the fact that in local coordinates, there ex-
ist smooth functions (GY)j<;j<n+1 defined in the patch ¢(U) such that d?(z,x — 2) =
D GY(z,x — 2)2;2;. Combining everything, we obtain that p € S™HR?T! x R?H) S0)
IIp is a pseudodifferential operator of order —1. The same arguments allow to show that II,,
is also a DO of order —1 for any m > 0.

We now compute the principal symbol of II,,. Let us consider a smooth section f; €
C™>(M,RFT*M) defined in a neighborhood of x € M and fo € T M, then:

(Om(20,€) f1, fa)ro = lim b=t SCNML, (5L, o)

= lim h~te @)/ M (5N T o) 1205, a),
h—0 0

where & = dS(z) # 0. Here, it is assumed that Hess, S is non-degenerate. According to the
previous paragraph, we can only consider the integral in time between (—¢, ), where € > 0 is
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chosen small enough (less than the injectivity radius at the point x), namely:

<Um(x §)f1 f2 zo
— lim A //_ (/MSGO=S@) xx £ (1), 5(8))%, fo(o, v)x () dtd

h—0

= Jim 1! /S( / / OO £ (3(8), 50 ol )
sin™ (@) x (¢t t)dtde) du

where y is a cutoff function with support in (—e,¢), v is the geodesic such that v(0) =
z,%(0) = v and we have decomposed v = cos(@)w-+sin(p)u with w = £*/|¢| = dS(z)*/|dS(z)],
u € S"2. We apply the stationnary phase lemma [Zwo12, Theorem 3.13] uniformly in the
u € S"2 variable. For fixed u, the phaseis @ : (, ) — S(v(t))—S(x) so 0;®(t, p) = dS(5(t)).
More generally if @ : (¢,v) — S(y(t)) — S(x), then
Dp®(t,v) -V = dr(dps(z,v)- V), VYV eV.

Since (M, g) has no conjugate points, dr(dp;(x,v)) -V #0 as long as t # 0 and V € V \ {0}.
And dS(¥(0)) = dS(cos(p)w + sin(p)u) = cos(¢)|dS(x)| = 0 if and only if ¢ = 7/2. So the
only critical point of ® is (¢t = 0,¢ = 7/2). Let us also remark that

Hess,S(u,u) —|dS(z)]
esusrn® = (“Sig”

is non-degenerate with determinant —|¢|2, so the stationary phase lemma can be applied and
we get:

™ +e
/ / /SO =S@)x £ (4(1), ()7, fa (o, v) sin" 2 (p)dtdg
0 —€

~h—o 2mh|€| T i (w0, w)m, fa (o, w).
Eventually, we obtain:
2
(O (2, ) f1, f2)ao ‘g ey 1T F2(2)ASE(R),

where dS¢ is the canonical measure induced on the (n — 2)-dimensional sphere
SeM =S, M N {(,,v) =0}.
The result then follows from the following computation. We write £ = T, M.
We can write f1 = je¢fp + fs where f, € ®?71E*, fs € ker (Z§|®7S”T;M), where jef, =

S(€® fp). Note that m, (jefp)(v) = (€, v)7),_; fp(v) and this vanishes on {(¢,v) =0} (and
the same holds for f2). In other words, 7, fi = 7, Tkerse f1 on {(§,v) = 0}. We are thus left
to check that for fi, fo € ker g,

Covm /< TS ) = /g T RE)S),

for some constant Cy,,,, > 0. We will use the coordinates v" = (v,¢) € Sg¢ x [0,7] on Sg
which allow to decompose v' = sin(p)v + cos()&#/[€]. Then the measure on Sg disintegrates
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as dS = sin"?(¢)dedSe(v). Also remark that 7, f(v + cos(¢)é*/|€]) = 7, f(v). Then, if
Chm = [ sin" 22" () dyp, we obtain:

AR OO
/ S22 (o) g / w1 ()% S (0)dSe ()
(€,v)=0
/ / w fr(sin()w + cos(p)€/[€])

< et fa(sin(io ) + cos(9)EH/|€]) sin™2 () dipd Se (v)
. /S T, 50 )AS )
]

6.4.2. Main properties of the normal operator. The crucial property of the normal operator
II,,, is that it is elliptic on solenoidal tensors.

Lemma 6.20. The operator 11, is elliptic on solenoidal tensors, that is there exists pseudo-
differential operators Q and R of respective order 1 and —oo such that:

QU = Terp+ + R
Proof. We define

0, on ran(j)
27T Tker ,j7rm>s<7r Tker s et , oIl er(zgﬁ
and q(z,§) = (1 — x(z,£))q(z,§) for some cutoff function x € CF,,,(T*M) around the zero

section. By construction, Op(q)Il,, = ey pr — R with R’ € =L, Let ' = op and define
a~ >3 ,r"™. Then Op(a) is a microlocal inverse for 1 — R’ that is Op(a)(1 — R') € ¥—°°.
Since R'D = 0, we obtain that R’ = R'mye, p+ and thus

Op<a) Op(Q) Iy, = Op(a)(]]- - R/)ﬂ'ker D* = Tker D+ + R,
N————
=Q
where R is a smoothing operator. U
We now study injectivity of the normal operator. From now on, we will add a subscript
sol to denote the fact that we consider solenoidal tensors, i.e. elements in ker D*. The next

lemma shows that the s-injectivity of the X-ray transform is equivalent to that of the normal
operator II,,

Lemma 6.21. I, is solenoidal injective if and only if IL,, is injective on the space HS (M, @ET*M),
for all s € R.

Proof. There is a trivial implication: s-injectivity of II,, implies that of I,,. Indeed, assume
f e CS(M,@%T*M) is such that I, f = 0, then 7, f = Xu for some u € C*°(SM) by the
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smooth Livsic Theorem 5.4. But then I, f = 7 (II+1®1)7), f = 7 [IXu = 0 by Lemma
4.11. Thus f = 0.

Let us now prove the converse. We fix s € R. We assume that Il,,f = 0 for some
fe H:(M,S™(T*M)). By ellipticity of the operator, we get that f € C (M, S™(T*M)).
And:

2
(T f. frz = (0t o f) e + < /S = fd,u>

2
— (A o+ ([ mfae) <o

By Lemma 4.11, since (Ilzy, f, 75 f) > 0, we obtain that [g,, 75 fdu = 0. Moreover, (—A +
1)~*II is bounded and positive on H® so there exists a square root R : H* — H?®  that is a
bounded positive operator satisfying (—A + 1)7°II = R*R, where R* is the adjoint on H?®.
Then:

(=A+1)~"Om, fom fyme = 0 = || Ry, f | s

This yields (—A + 1)~*IIx}, f = 0 so IIx}, f = 0. By Lemma 4.11, there exists u € C*°(SM)
such that 7 f = Xwu so f € ker I,,, Nker D*. By s-injectivity of the X-ray transform, we get
f=o. U

In particular, the previous lemma directly implies the following, which was already known
since [DS03]:

Proposition 6.22. Let (M, g) be a smooth Anosov Riemannian manifold. Then, the kernel
of I, on C35(M,QFT*M) is finite dimensional.

sol

Proof. By Lemma (.21, s-injectivity of I, is equivalent to that of II,,, which is elliptic on
solenoidal tensors. Hence its kernel is finite-dimensional, see Proposition A.5. ]

Another direct consequence of Lemma 6.21 and Theorem 6.20 is the following;:

Theorem 6.23. If I, is solenoidal injective, then there exists a pseudodifferential operator
Q' of order 1 such that: Q'Il,, = Tyer D*-

Proof. The operator II,, is elliptic of order —1 on ker D*, thus Fredholm as an operator
HE (M, @FT*M) — HEH (M, @§T*M) for all s € R. Tt is selfadjoint on the Hilbert space

sol sol

Y 2(M ,@ET*M), thus Fredholm of index 0 (the index being independent of the Sobolev

sol

space considered, see [Shu01, Theorem 8.1]), and injective, thus invertible on HZ (M, @ET*M).
We multiply the equality QTl,, = mxer p+ + R on the right by Q' == myer p+IL,,, Tyer D+

QHmQ/ = Q I, Tker D* H;Llﬂ-ker D* = Qﬂ'ker D* = Q/ + RQ/
———
=TI,
As a consequence, Q' = Qmyer p+ + smoothing so it is a pseudodifferential operator of order 1.

And Q'II,,, = Tyer D*- d

This yields the following stability estimate:
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Lemma 6.24. If I, is solenoidal injective, then for all s € R, there exists a constant C' =
C(s) > 0 such that:

Vf € Hig(M,@§T"M),  |fllas < M fl| s+
We also obtain a coercivity lemma on the operator II,,.

Lemma 6.25. If I,,, is solenoidal injective, then there exists a constant C' > 0 such that:
Vfe H'P(M,@FT*M),  (nf, f) > Cllmker 0 fll-1/2-

Proof. The operator m,,,m,, : @¥T ;M — QFT;M is positive definite and thus admits a
square root S(x) : @ETyM — RTTFM, self-adjoint and such that S™(z) = mp.m),. We
introduce the symbol b € C(T*M) of order —1/2 defined by b : (z, &) — x(x, &)|¢|~ Y25 (x),
where xy € C°°(T* M) vanishes near the 0 section in 7*M and equal to 1 for |{] > 1 and define
B := Op(b) € U—1/2(M, ®¢T*M), where Op is a quantization on M. Using that the principal
symbol of Ty, p+ is Ut the inner product with fﬁ, we observe that I1,,, = Ter px B* Bger p+ + R,
where R € U=2(M,®@2T*M). Thus, given f € H~'/2(M,@2T*M):

(W f, )2 = | Bmger D+ fl| 22 + (Rf, f) 12 (6.7)

By ellipticity of B, there exists a pseudodifferential operator @ of order 1/2 such that
QBTker D+ = Tker p+ + R, where R € W~°°(M, @¥T*M) is smoothing. Thus there is C' > 0
such that for each f € C°(M,®ET*M)

||7TkerD*f||§{—1/2 < ||QB7rkerD*fH§]—1/2 + ||R,f||§{—1/2 < CHBT‘-kerD*fH%? + HR/fH?{—l/Q-

Since Lemma 6.25 is trivial on potential tensors, we can already assume that f is solenoidal,
that is myer p« f = f. Reporting in (6.7), we obtain that

11112 < O f, e = C(RE, Fhrz + IR 710
< C(Muf, [z + CIRF e | L2 + 1R F1 12
Now, assume by contradiction that the statement in Lemma 6.25 does not hold, that is we

can find a sequence of tensors f,, € C*°(M,®§T* M) such that || fp| -1/ = 1 with D*f,, =0
and

(6.8)

IV fall 22 = (W fs fa) 2 < fallfp-12/n=1/n— 0.

Up to extraction, and since R is of order —2, we can assume that Rf, — vy in HY/? for some
v1, and R'f,, — vy in H~Y/2. Then, using (6.8), we obtain that (f,)nen is a Cauchy sequence in
H~1/2 which thus converges to an element v3 € H~/2 such that ||vs||z-1/2 = 1 and D*v3 = 0.
By continuity, II,, f, — Ilyvs in H'/? and thus (IIyvs,v3) = 0. Since vs is solenoidal, we
get /II,,v3 = 0, thus IIovs = 0. Note that I,,, is s-injective by assumption, thus II,, is also
injective by Lemma 6.21. This implies that v3 = 0, thus contradicting |[vz||z-1/2 = 1. O

We now study surjectivity. The normal operator II,, is formally self-adjoint, elliptic
on solenoidal tensors and is thus Fredholm of index 0. As a consequence, I1,, is injective on
solenoidal tensors if and only if it is surjective. We can even be more precise on this statement:
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Lemma 6.26. I, is solenoidal injective if and only if

e 1 O (SM) — C5(M, @7T* M)

mv

18 surjective.

Here, C| °(SM) = Us<o, H,3(SM) denotes the distributions which are invariant by the

geodesic flow. We note that this lemma was first stated in the literature in the case of simple
manifolds [PZ16].

Proof. Assume that my,, : C’an (SM) — CZ(M, @%T*M) is surjective. Let f € CS5 (M, @ET*M)

be such that I, f = 0. Then 7, f = Xu for some u € C*°(SM) by the smooth Livsic Theorem
5.4 and f = my,h for some h € C,_°°(SM) by assumption. Then:

mv
= (Xh,u) = —(h, Xu) = —(h, 7, f) = —(Tmsh, f) = || f]?
Thus f = 0.
We now prove the converse. If I, is s-injective, then Il,, is s-injective and thus surjective

on solenoidal tensors. Thus, given f € CoG(M,®TT*M), there exists u € CX (M, RET*M)

such that f = IL,,u = Ty, ln} u, that is f = my,,h for h =1} u € Ng=oH*(SM). O
Eventually, we will need this last lemma which we leave as an exercise for the reader:

Lemma 6.27. IIr, : H*(M,@%T*M) — H=*(SM) is bounded, for any s > 0. By duality,
Tmall : H3(SM) — H*(M,®FT*M) is bounded too, for any s > 0.

6.4.3. Stability estimates for the X-ray transform. An useful consequence of the previous tools
is that we can derive stability estimates for the X-ray transform:

Lemma 6.28. There ezists so € (0,1) and C,7 > 0 such that for all f € CY(M,RFT*M):
ter o Flls0 < Cllf ey 11157

We did not try to optimize the constants in the previous Lemma,; in particular, C'' regularity
could be lowered to some CP for 0 < § < 1.

Proof. Without loss of generality, we can always assume that f is solenoidal. By the approx-
imate Livsic Theorem 5.5, we can write 7, f = Xu + h, where ||h||ce < C[/Inf||jx C)HfH(Jl ,
for some «, C' > 0. Applying the operator mm,,(Il +1 ® 1), we then obtain, for s < a:

[ llzrs=1 S (M fll s, by Lemma 6.24,
= |[Tm(II+1 @ 1)(Xu+ h)| s
= |« (II+ 1 ® 1)h| gs, by Lemma 4.11,
S IRllas, by Lemma 6.27,

< hllce < Ol f ey I £

7. THE MARKED LENGTH SPECTRUM

The section is devoted to one of the most famous geometric inverse problems on closed
manifolds: the Burns-Katok conjecture |BK85], also known as the marked length spectrum
rigidity conjecture.
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7.1. The Burns-Katok conjecture. We consider an Anosov Riemannian manifold (M, g).
We recall that C denotes the set of free homotopy classes on M. This set is in one-to-one
correspondance with the conjugacy classes of the fundamental group 71 (M) and if (M, g) is
Anosov, there exists a unique closed geodesic v,4(c) € ¢ in each free homotopy class ¢ € C.

Definition 7.1. The marked length spectrum of the Anosov manifold (M, g) is the map
Lg:C— Ry, Lg(c) :=Ly(74(c)),

where £4(vy) denotes the Riemannian length of the curve v computed with respect to the metric
g.

Let Meta, be the space of (smooth) Anosov metrics on M and let Diff®(M) be the group
of smooth diffeomorphisms that are isotopic to the identity. It is clear that the map

Meta, 2 g+— Ly

is invariant by the action (by pullback) of Diff’(M), namely L, = L4, whenever ¢ €
Diff’(M). An element [g] € Meta,/Diff°(M) is called an isometry class. We are inter-
ested in the following conjecture, known as the Burns-Katok conjecture [BK85] or the marked

length spectrum rigidity conjecture'':

Conjecture 7.2. The map
Metan/Diff’(M) 3 [g] = Ly
18 injective.

This conjecture was proved on negatively-curved surfaces [Cro90, Ota90] and in some other
partial cases [Kat88, BCG95, Ham99] but remains open in full generality. Otal’s proof in
the two-dimensional case [Ota90] is remarkable insofar it combines in a clever and beautiful
way elements of the theory of two-dimensional negatively-curved Riemannian spaces. Un-
fortunately, it is out of reach of the present survey and we encourage the curious reader to
have a look at Wilkinson’s lecture notes [Will4| where this is explained in great details. In
this section, we will mainly explain how the previous theory of X-ray transform brings new
and interesting (although partial) answers to the conjecture. In particular, we will prove the
following local version:

Theorem 7.3 (Guillarmou-L. '18). Let (M, go) be a smooth Anosov manifold and further
assume it is non-positively-curved if dim(M) > 3. Then, there exists N,e > 0 such that the
following holds. Let g be a metric such that ||g — gol|cv < € and Ly = Lg,. Then [g] = [go],
i.e. the metrics are isometric.

We also point out that similar results were then obtained on manifolds with hyperbolic
cusps by Bonthonneau and the author in the sequence of papers [GL19b, GL19¢c|. Before
proving Theorem 7.3, we study an easier version of the problem to which we will refer to as
linear or infinitesimal.

11Originally, it was only formulated for negatively-curved manifolds.
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7.2. Linear problem. The linear version of the Burns-Katok conjecture consists in looking
at a family (gs)se(—1,1) such that Ly, = Lg,. If the conjecture is true, then one should be able
to find an isotopy (@s)se(—1,1) such that ¢igs = go. We call this problem the infinitesimal
rigidity of the marked length spectrum and we say that a metric gg is infinitesimally rigid if
this holds. The important remark is the following:

Lemma 7.4. We have:

d .
&Lgs = 1/2 X IZQ (gS>7
where gs = %gs.

The proof is left as an exercise to the reader; it uses the fact that geodesics are critical
points of the length functional among a free homotopy class of curves. As a consequence, if
the metrics (gs) se(—1,1) share the same marked length spectrum, then we obtain:

Igs (gs) =0.

If all the metrics ( gs)se(_l,l) are known to be solenoidal-injective, this implies that g, = D, ps,
for some p; € C°(M,T*M), where Dy, is the symmetric derivative induced by the metric gs.
By duality, ps can be identified with a vector field —X; € C°°(M,TM) and gs = —Lx.gs. As
a consequence, if (¢s)se(—1,1) denotes the isotopy generated by the vector fields (Xs)se(—1,1),
then we obtain that ¢igs = go. Note that solenoidal injectivity is an open property with
respect to the metric hence, s-injectivity of g implies that of all ¢ in a C*-neighborhood of g
(for k large enough). This can be proved by using the fact that s-injectivity of I, is equivalent
to that of II¥, (by Lemma 6.21) and that the operator C*(M,®%T*M) > g+ 115, € U1 is
continuous (see [GKL19]). In other words, we obtain the following:

Lemma 7.5. If (M, go) is an Anosov Riemannian manifold such that I3° is solenoidal injec-
tive, then it is infinitesimally rigid in the sense that any smooth family of metrics (gs)se(-1,1)
such that Ly, = Ly, satisfies ¢3gs = go for some isotopy (¢s)se(—1,1)-

In particular, as mentioned earlier, I§° is known to be solenoidal injective when (M, g)
is Anosov, under the additional assumption that the sectional curvature is nonpositive if
dim(M) > 3.

7.3. Local geometry of the space of metrics. From now on, SM := SM,, and the metric
go is fixed on M and assumed to be Anosov. We are interested in the local geometry of the
space of (smooth) Anosov metrics Meta, in a neighborhood of gg.

Passing through gy are two important subspaces of Meta, (see Figure 5): one is O(gp) :=
{(;S*go | ¢ € Diff®(M )}, the orbit of gyp under the action of the group of smooth diffeomor-

*
g0’
tensors (with respect to gg) which is obviously affine. It can be easily checked that

phisms that are isotopic to the identity. The other one is gy + ker D? | the space of solenoidal

T4,0(90) ={Lvgo | V € C(M, TM)} ={Dgyp | p € C™(M,T*M)}.
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Met (M)
O(g0) == {9" 90}

ker (5 g0

¢>I<

T4,0(90) O(9)

FIGURE 5. A local picture of the geometry of the space of all metrics.

Moreover, as Tg,Metpa, ~ C*(M, ®%T*M ), we see, using the decomposition of symmetric
tensors of Theorem 3.4 into potential/solenoidal parts, that:

TyoMetay, =~ C°(M,@%T* M)
— DQOCOO(M, T*M) P ker DZO‘COO(M,(@%T*M)

= Ty Ol90) ® Tyy (90 + ker Dy lcmqarszran ) -

that is the two (Fréchet) submanifolds O(go) and go + ker Dj |coo( M) Of Metay are
transverse at go. This is represented in Figure 5.

Moreover, it can be proved that the various orbits O(g) for ¢ in a neighborhood of gy are
all transverse to go + ker Dy | oo M,@2T* M) This can be seen in the content of the following
Lemma who goes back to [Ebi68] (see also [GL19d]). We provide the proof in finite regularity
as it is easier and relies on the implicit function Theorem for Banach spaces (below O™
denotes the space of OV functions such that the N-th derivatives are a-Hélder continuous).
Nevertheless, it still holds in the smooth category (i.e. taking N = oo) by applying the
Nash-Moser Theorem.

Lemma 7.6. Assume go is smooth. Let N > 2, a € (0,1). Then, there exists € > 0 such
that the following holds. For any metric g such that ||g — gol|lon.e < €, there ezists a (unique)
diffeomorphism isotopic to the identity ¢, of reqularity CNTY such that D*(¢*g) = 0. The
metric ¢*g (of regularity O™ ) is called the solenoidal reduction of g.

Proof. Consider the map C**L(M, TM) 5 V +— ey := z — exp,(V(z)) € DiffF+1e (M)
(the exponential map is that induced by go); it is a well-defined smooth diffeomorphism for

V € Uy a small CF+1 2 neighborhood of the zero section onto a neighborhood of the identity
in Diff**1(M). We define

Fy iUy x CP(M,@8T*M) — C*1*(M,@%T*M),  Fi(V, f) = D} (ei(90 + f))
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and we want to solve locally the equation Fy (V (f), f) = 0. Note that e}, (g+f) € C**(M,®%T*M)
if Ve CF+19(M,TM). However, there is a subtle problem here coming from the fact that Fy
is not smooth in a neighborhood of (0,0) but only differentiable. This would not prevent us
from applying the inverse function theorem, but the regularity of the map g — ¢ would only
be CL. Indeed, if we take f # 0, then g := go+ f € C**(M,®@%T*M) and in local coordinates
i J
(@) = gier () 5 () L (7.)

As a consequence, by the chain rule, differentiating with respect to V makes a term Z +—
dey ()95 (dve(Z)) € C*1(M,®%T*M) appear and differentiating twice, we would obtain
a term in C*=2%(M,®%T*M) (so we would leave the Banach space CK~12(M, @%T*M)).
However, remark that

evy oDy oey =D (7.2)

€V 90

*

Thus, solving Dy

v (f +g0) = 0 is equivalent to solving D7, . (f + go) = 0. Therefore, we
rather consider

Fy iUy x C*(M,@%T*M) — C* " V*(M,@%T*M),  Fy(V,f) =D}, ,.(f+ )

and we want to solve F»(V(f), f) = 0 in a neighborhood of (0,0). The map F» is smooth.
Indeed, it is immediately smooth in f, since it is linear and by (7.1), since g is smooth, it is
smooth in V.

Since dye(0) = 1 (because the differential of the exponential map exp, at 0 is the identity),
we see from (7.2) that dyF»(0,0) = dyF1(0,0). As a consequence, by the implicit func-
tion theorem, solving F>(V (f), f) = 0 in a neighborhood of (0,0) amounts to proving that
dy F1(0,0) is an isomorphism. The differential of F; at (0,0) is given by

dvF1(0,0) - Z = D} (Lz90) = 2 x D} Dy (Z*),

for Z € C*La(M, TM), where  : TM — T*M is the musical isomorphism induced by the
metric ¢ (and this maps C**5e(M,TM) — C*1*(M,®%T*M) which is coherent). But
Dg Dy, is a differential operator of order 2 which is elliptic and injective — since Dy, s,
by Lemma 3.3. Moreover, it is formally selfadjoint and its Fredholm index is thus equal to
0 by Proposition A.5 so it is also surjective, hence invertible. As a consequence Dg Dy, :
CrkHLa (M, T*M) — C*~L(M,T*M) is an isomorphism. By the implicit function theorem
for Banach spaces, there exists a neighborhood U C Uy and a smooth map f +— V(f) (from
CrF(M,®@%3T*M) — CF LM, ®@%T*M)) such that Fo(V(f),f) = 0 for all f € U (and
thus F1(V(f),f) = 0). Moreover, V(f) is the unique solution to Fj2(Z, f) = 0 in this
neighborhood. g

Note that one has to use C*® as the spaces C* for k € N are not well-suited for microlo-
cal analysis (or one has to resort to Holder-Zygmund spaces CF). The previous discussion
also shows that the moduli space Meta, /Diff’(M) (i.e. the space of orbits [g] = O(g)) can
be locally identified with go + ker D7 . In other words, this last space is a local chart for
Met o, /Diff?(M) near [go).
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7.4. Local rigidity via the geodesic stretch. We fix the metric go and consider a metric
g in a C%-neighborhood of go. By Anosov structural stability (see [GKL19, Appendix B] for
instance), there exists an orbit-conjugacy of the geodesic flows i.e. a map
Py 1 SMyy — SM,
such that
Ay (X (2)) = g (2) X, (14 (2)), V2 € SMy, (7.3)

where a4 is a function on SMy, called the infinitesimal stretch. The map 1), is not unique
and ag4 is only defined up to a coboundary, namely a term of the form X, u. Recall that two
functions are said to be cohomologous if they differ by a coboundary. The infinitesimal stretch
is linked to the marked length spectrum by the following equality: for all ¢ € C,

Ly(c) = / el

where z is an arbitrary point on 7,4, (c). Observe that the previous integral is indeed invariant
by adding a coboundary to a4. The following lemma is well-known (see the discussion in
[GKL19, Section 2.5| for instance):

Lemma 7.7. The following statements are equivalent:

(1) Lg = Ly, _ _

(2) The geodesif flows are conjugate i.e. there exists 1y : SMg, — SMy such that g o
gpfo = gpf oy, for allt € R,

(3) ag is cohomologous to the constant function 1.

Proof. (1) < (3) If Ly = Lg, then

Ly (c) Lgy(c)
L) = [ agleenat = Ly = [ 1@

0
As a consequence, by the Livsic Theorem 5.4, a; — 1 = Xu for some Hoélder-continuous
u € C¥(SMg,). The converse is also immediate.
(2) = (1) is straightforward. Let us show that (3) = (2). First of all, the flows are
always conjugate up to a time reparametrization, namely:

(‘Oig(z,t) (wg(z)) = wg(gofo (Z))a (74)
for all t € R,z € SMy,, where

/ig(z,t):/o ag(p?(z))ds.

As a consequence, if ay = 1 + Xwu, then

Rg(2,1) = t+u(ef (2)) — u(2),
and using (7.4):

90{? <(pg—u(z) © 1/}9(2)> = (pg u(p?0(2)) o wg((pfo (Z))7

that is the flows are conjugate by z — gpg_u(z) 0 Py(2) =: 1[}9(27). O
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Although these considerations seem to be only local (i.e. g close to gg) insofar as they rely
on the Anosov structural stability, one can prove that they are actually global and g does not
need to be taken close to go. This is very specific to geodesic flows, see [GKL19, Appendix B|
for instance.

As a consequence, it is natural to consider the cohomology class of the infinitesimal stretch
minus one [a, — 1] as a faithful measure of the distance between the marked length spectra
of the metrics gy and g. Let us give a more precise meaning to that. Given a@ € Ry \ N, we
introduce the space of coboundaries D% of regularity «, namely:

D(SM,,) = {Xgou | u € C*(SM,,), Xgou € C*(SMy,)} .

This is a closed subspace of C*(SMg,) and we can therefore consider the quotient space
C*(SMy,)/D*(SMy,) endowed with the natural norm

I llcn o = inf IF + Xl
where [f] denotes an element in C*/D®.
For g close to gy, we can look at the map
CH(M,@%T*M) > g = a, € C*(SM),

where v > 0 is some fixed exponent and this map is known to be C*~2 by [Con92, Proposition
1.1]. In particular, for k = 2, it admits a Taylor expansion:

ag —1 =0+ dalg=g,(g — 90) + Ocv(llg — goll*). (7.5)
and we have (see [GKL19, Lemma 3.3|)

Lemma 7.8. daly—g, (9 — go) is cohomologous to 1/2 x w5(g — go).

Proof. We consider ¢ € C and use both expressions for Ly(c):

o) = [ g ena= [ g2dn(0)
g . g\ Pt 7()9 YglC)-
gC

Taking the derivative with respect to g at gg, we obtain:

Lgo(c)
/ dago(h) (@ (2))dt = 1/2 x / hdny,(c) + 9, ( / gé/Zdwg(c)) (h),
0 Vg0 (€) v,

g(C)

and the last term vanishes as geodesics are critical points of the length functional. This
completes the proof. O

We will prove the following which implies in turn Theorem 7.3.

Theorem 7.9. Let (M, go) be an Anosov manifold such that I3 is injective. There exists
v,e, N, > 0 such that the following holds. For any metric g such that ||g— go|lon.e < €, there
exists a CNTL diffeomorphism ¢, isotopic to the identity, such that

19°9 = goll ger2-1 < Clllag = llev)pr-
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Proof of Theorem 7.9. First of all, we define ¢’ = ¢*g as the solenoidal reduction of g (with
respect to go), i.e. D*(¢’ — go) = 0, by Lemma 7.6. The following map is C? (see [Con92])
and we can Taylor-expand it:

C*(M,@%T*M) > g+ a, € C*(SM),
and we obtain at g = g, using (7.5) and Lemma 7.8:
ag —1=0+1/2x7m5(9 — go) + Xw +r,
where 7 = Ocv (||l¢' — gol|Z2). Hence, for an arbitrary f € C¥ such that X f € C¥, we obtain:
ag —1+Xf=1/2x75(¢g" —go) + X(w+ f) +r

Observe that ay and ag are cohomologous since g and ¢’ have same marked length spectrum,
ie. a, = ag+ X f, hence:

g
ag—1+Xf=1/2xm5(g' —go) + X(w+f—f)+r
Applying the operator ma,(II +1 ® 1), we obtain:
T (I+1®1)(ag — 1+ Xf) =1/2 xa(g — go) + mo. (Il + 1@ 1)r.
Using Lemma 6.27, we obtain:
9" = goll g2+ < IM2(g" — g0)l o
S lme(M+ 1@ 1)(ag — 1+ X ) gz + 2. (IL+ 1@ 1)l g2
Sllag =1+ X fllgure + Irll gose
Sllag =1+ Xfllev + lIrler
Sllag =1+ X fllev + 19" — g0l
Sllag =1+ X fllev + 119" = goll gror2-1llg" = goll e

for some N > 0 large enough, o € (0, 1), where the last inequality is obtained by interpolation.
Assuming [|¢' — gol|cv.e < € is small enough, the second term on the right-hand side can be
swallowed on the left-hand side and we obtain:

16°9 = goll o2 < Cllag =1+ X fllev

Since f was arbitrary, we can take the infimum over all such coboundaries X f and we obtain
the desired result. O

7.5. Generalized Weil-Petersson metric on Metya, /Diff’(M). The operator II, also al-
lows to define a metric on the moduli space Meta,, /Diff(M):

Definition 7.10 (Generalized Weil-Petersson metric). Let [g] € Meta,/Diff’(M) and [h] €
TigMetan/ Diff®(M). We introduce the symmetric bilinear form:

G[g]([h]a [h]) = <thv h>L25
where g is an element of the class [g] and h € ker D} represents [h].

We leave it as an exercise to the reader to check that this is indeed well-defined, indepen-
dently of the choice of element g in the class [g].
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Lemma 7.11. G defines a smooth metric on Meta,/Diff’(M) called the generalized Weil-
Petersson metric.

Note that this is a metric on an infinite-dimensional space.

Proof. Smoothness is not trivial and follows from that of the map C*°(M, ®%T*M ) — 11§ €
U~ is smooth. It was proved in [GKL19] that this map is indeed continuous but, inspecting

the proof, the same arguments also show smoothness. The fact that G is a metric is a mere

consequence of Lemma 6.25 i.e. Gig([h], [h]) = (TII3h, h) 2 > C’||h||?q,1/2. O

We now consider the specific case where M is an orientable surface of genus g > 2. We de-
note by 7 (M) the Teichmiiller space of M, i.e. the space of hyperbolic metrics (with constant
curvature —1) quotiented by Diff®(M). This space is endowed with canonical metric called
the Weil-Petersson metric, see [Tro92, Chapter 5|. This is a smooth manifold diffeomorphic
to R%9~6 which can be seen as a natural submanifold of Met,, /Diff’(M).

Lemma 7.12. The restriction G|y is equal to (a multiple of ) the Weil-Petersson metric.

We refer to [GKL19] for a proof (based on [BCLS15]). The Weil-Petersson metric on 7 (M)
has been well-studied and some important properties are known. For instance, it is known
that this metric has negative sectional curvature, see [Ahl62] and [Tro92, Theorem 5.4.15|. In
the same vein, one can wonder if this still holds true for te generalized Weil-Petersson metric

G.

Question 7.13. Is the sectional curvature of G negative?

8. INVERSE PROBLEMS FOR CONNECTIONS

In this section, we study the inverse problem of recovering a connection from the knowledge
of its holonomy along closed geodesics.

8.1. Setting of the problem. Consider a vector bundle £ — M equipped with a unitary
connection V€. We denote by C' the parallel transport map along geodesics. More precisely, if
(x,v) € SM, consider a geodesic segment 7 : [0, L] >t w(¢i(z,v)) with endpoints z_ = x
and 24 = w(pr(z,v)). We then define:

C((x,v),t) : & — &

+
as the parallel transport map along the geodesic v with respect to the connection V. An
equivalent point of view is to consider the lift (7*&,7*V¢) on SM. Then C is the cocycle over
the flow (¢;)¢er obtained by parallel transport (along the flowlines) with respect to 7*V¢, as
in §5.4

In the same spirit as for the marked length spectrum problem, one can look at the holonomy
induced by the connection on closed geodesics. More precisely, for each ¢ € C, we make an
arbitrary choice and consider a point z. € 74(c) on the unique closed geodesic v4(c) € ¢; we
denote by v, € Sy, M the unit vector generating ,4(c). We look at the following map:

Holye : C — [[U(&,), ¢ Cl(@e, ve), L(c)),
ceC
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which is nothing but the holonomy of the connection V¢ along all closed geodesics. We can
already introduce the following notion which will be important in the following:

Definition 8.1. Let £ — M be a smooth vector bundle. We say that a connection V¢ is
transparent if Holge = 1, i.e. the holonomy is trivial.

Of course, there may not be any transparent connections on a given vector bundle, as we
will see in Lemma 8.5. Note that if two connections V‘f and Vg are gauge-equivalent'?, then
the holonomies induced are not equal but conjugate. As a consequence, we will write Holvf ~
Holge if there exists a (globally defined) map P € C*°(SM,U(£)) such that Holge (c) =
P(zx., ve)Holge (¢)P(z¢,ve)7 L, for all ¢ € C. (Note that P is defined on SM and is therefore a
priori v-dependent. Our goal will be to prove it is not.)

FIGURE 6. Parallel transport on a closed oriented surface.

The general geometric inverse problem is the following:

127w connections are said to be gauge-equivalent if there exists p € C™ (M, U(E)) such that for all sections
feC>(M,E), one has
Vi (f) =p"'Vipf). (8.1)

In this case, parallel transport along the flowlines of (¢¢)icr satisfies the commutation relation:

Ca(z,t) = p(pex) " Cu(z, t)p(x).



GEOMETRIC INVERSE PROBLEMS ON ANOSOV MANIFOLDS 63

Question 8.2. To what extent does the holonomy along closed geodesics determine the con-
nection (up to a gauge equivalent factor)? More precisely, consider two unitary connections
VfQ such that Hol(V{) ~ Hol(V$§). Does it imply that V¢ and V§ are gauge-equivalent?

It is straightforward to observe that if a connection Vg is transparent, then any gauge-
equivalent connection is also transparent so one can only expect to be able to reconstruct
the connection modulo a gauge-equivalent term. In the particular case where £ = L is a line
bundle, the unitary group U(1) is Abelian and gauge-equivalent connections all induce the
same holonomy.

8.2. Line bundles. We consider the specific case where the vector bundle is a line bundle
L — M"Y over M and (M, g) is assumed to be Anosov. The holonomy along closed geodesics
is simply given by a complex number (loosely speaking, the integral of the connection 1-form
along the closed geodesic), i.e. Holgc(c) € C. We have the following result due to Paternain
[Pat09]:

Theorem 8.3 (Paternain '09). Assume (M, g) is Anosov and let L — M be a Hermitian line
bundle over M. Let sz be two unitary connections on L. Assume that Holvlg(c) = Holg (c)

for all c € C. Then Vf2 are gauge-equivalent, that is to say there exists G € C*°(M,U(1))
such that

V5 =Vi+G G

As we will see, the proof relies on the solenoidal injectivity of the geodesic X-ray transform
I; studied in §6.1.

Proof. As Vf2 are unitary connections, we can write V4 = V£ 46, where § € C°(M,T*M)
is a real valued 1-form on M. Since the connections are transparent, we have

/ 0 27, (82)
vg(c)

for all ¢ € C. We introduce the cocycle

Cl(@,v), ) = exp <2 /Ot ﬂf@(cps(x,v))ds) cUM), (8.3)

which satisfies the periodic orbit obstruction (see Definition 5.10) by (8.2). As a consequence,
by the smooth Livsic cocycle Theorem 5.11, there exists u € C*°(SM,U(1)) such that

C((x,v),t) = upe(@, v))u(z,v) ",
Differentiating with respect to t and evaluating at t = 0, we obtain:
i x w10 = (Xu)u™'.

We now introduce the closed 1-form w := ‘f—;‘ € C®(SM, T*(SM)). If 7 : SM — M denotes
the projection, then 7* : H'(M) — H'(SM) is an isomorphism by the Gysin sequence (one
has to use here that M cannot be the two-torus). As a consequence, we can write w = 7*n—+df,

13We use the notation £ rather than £ for line bundles.
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for some harmonic 1-form n € H'(M) and f € C°°(SM). Applying the vector field X and
the commutation relation of Lemma 3.2, we obtain:
w(X) =716 = mn+ X/,

that is 77 (0 —n) = X f and thus I1(6 —n) = 0. By s-injectivity of the X-ray transform I; on
Anosov manifolds [DS03], we obtain that 6 —n = df’ is exact. In particular, 6 is closed. If we
fix a basepoint xg € M and consider for x € M a geodesic 7 joining xg to x, then we set:

G(z) :=exp (i/79d7> ,

and it can be checked that this definition is independent of v (as 6 is closed and f% © 0 €217
for all closed geodesic). Such a G € C*(M, U(1)) satisfies § = dG/iG and the two connections
are gauge-equivalent. O

The proof is remarkably simple once one knows the s-injectivity of I;. By a little more work,
one can produce a stability estimate for this problem. We introduce the following distance on
the moduli space of gauge-equivalent connections:

L oLy ._ . c c -1
d(VT,Vy) = GeCOOl(nJ\f[,U(l)) 1V — (Vl +G dG) | oo (A1, 1) - (8.4)

It can be checked that this is indeed a distance i.e. d(V%, V%) = 0 if and only if V{ and V4
are gauge-equivalent (see [CLb, Section 2|). We then have:

Theorem 8.4 (Cekic-L. '20). Fiz A > 0. There exists C, o, 7 > 0 such that if | V5 — V|| ca <
A, then:
d(VE,V5) < C x sup (Lg(c)_l\Holvic (e)Holzk (¢) — 1|) :

ceC 2

The proof of the previous Theorem is a little bit more involved than Theorem 8.3. It relies
on the microlocal framework introduced in §6 — in particular, the stability estimate for the
X-ray transform I; of Lemma 6.28 —, and on the approximate Livsic cocycle Theorem 5.12.

Proof. The proof follows closely that of Theorem 8.3. Define 6 := V§ — Vf. Consider the
cocycle C with values in U(1) defined by (8.3). Consider € > 0 such that

1C((z,v),t) =1, | <eT
for pr(z,v) = (z,v). By Theorem 5.12, we obtain u € C*(SM,U(1)) such that Xu € C¢
(for some « > 0 depending on the dynamics) and:
C((z,v),t) = u(pr(z,v))C" (2, v), thu(z, v) ",
where C” is the cocycle with values in U(1) generated by iR € C*(SM,u(1)) and ||R||ce <
Ce™. Differentiating the previous relation with respect to t and evaluating at ¢ = 0, we obtain:
i x 110 = (Xu)u™' +iR. (8.5)

Note that we may approximate u in C* by uy € C*°(SM), so that Xup — Xu in C as well.
By setting u := |uy| and R := i — |uy| ' X|uy| for some k large, this shows that we may
assume u and R are smooth.
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We define as before the closed one form on SM:
du

w = —.

i

Using that 7* : HY(M) — H'(SM) is an isomorphism by the Gysin sequence, there is a

harmonic 1-form w and a smooth A, such that

w ="y +df.
Applying 1x and using (8.5), we obtain
Xf=m0—R—min. (8.6)

We thus have I1(0 — n) = O(e") and we can decompose 0 —n = da + b (by Theorem 3.4),
where b € ker D* and « is a function on M. Moreover, we have a control of a and b in the C¢
norm. Indeed, one has b = 7y p+ (0 — 1) and mye; p+ is a pseudodifferential operator of order
0 by Lemma 3.5. This implies that:

[bllce < Cll0 = nllca < C([18]lca + [Inllce)-

By assumption, there is a constant A > 0 such that we know a priori that ||0]|ce < A. To see
Inllce = O(1) is bounded, we argue as follows. If H*(M) denotes the set of harmonic k-forms,
the injectivity of I; on solenoidal tensors for Anosov manifolds and finite dimensionality of
H1(M) implies there is a C' = C(M, g,a) > 0 such that

Ihllce < Cllahllg, b € H(M).

Now (8.6) implies I1n = I10 — I(R) and thus using that [|#]|ce < A and | R|[ce = O(eT), we
obtain:
Inllce < [[11nllee = O(1).
Moreover, we have I;(da) = 0 so I1(b) = O(¢”). We can now use Lemma 6.28 together with
an interpolation argument: this implies that there exists 0 < § < « and §; = d1(a, 8) > 0
such that:
bllcs < 1Lk bllE" < ™7 x C,
This implies that 6 — n = da + Ogs(e517).
Now, by our assumption on #:

min ‘ /77 - 2]{:71" < CeT, (8.7)
keZ ’Y

for some C' > 0 and v any closed geodesic of length T. We fix a basis of geodesic loops
7v; € H1(M;C) in homology and a basis of harmonic 1-forms h; € H!'(M) such that fv- hj = 6;j.
By (8.7) we have

——

=r;

/ n =2k + 0(6617—), k; € Z.
Vi

Then, define n :=n — Z?;(IM) r;h; so that for each i = 1,...,b1(M):

/ (n—m) = 2.
Yi
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Hence we may define as before, for a fixed basepoint xy € M:

G(x) :=exp (z/(n —m + da)d’y) ,
¥
where v is any path starting from zg and x. We immediately see that
i0 =G YdG +i(b+m) = G HG + Ops(e7),

concluding the proof.

0

8.3. Transparent connections. We now study the particular case of transparent connec-
tions, namely connections without holonomy.

8.3.1. General results. First of all, we consider the general case where M is a smooth manifold
carrying a transitive Anosov flow (¢;)ier. We consider € — M, a smooth vector bundle with
unitary connection V€. Below, recall that X := V%. The following result shows that not all
vector bundles can carry transparent connections:

Lemma 8.5. Assume that V¢ is transparent. Then & — M is trivial. More precisely, there
exists a global basis fi,..., fr € C°(M,E) such that Xf; = 0.

The proof follows that of the classical Livsic Theorem 5.4 and we refer to [CLb, Section 4]
for further details.

Sketch of proof. Fix an arbitrary metric ¢ on M. Consider a dense orbit O(zg) for some
xo € M. Consider (fi(zo),..., fr(xo)) an orthonormal basis of &,,. Let z; = (xo) be the
point along the flowline and let f;(z;) € &, be the parallel transport along the flowline with
respect to the connection V¢ of the section fi(xo). We claim that the f; are Holder-continuous
on O(xg) (with respect to the distance d on M). Indeed, consider z,2’ = ¢r(x) on O(xg)
which are close enough. Taking a small patch of coordinates U containing x and z’, one
can trivialize £ over U. Using the Anosov closing Lemma, the segment S := (¢¢(Z))eo,1]
can be approximated by a periodic orbit v of length T" generated by a point z” such that
d(z',2")+d(x,2") = O(d(z,2")). Then, following the argument of the classical Livsic Theorem
5.4 (see the proof), one shows that

C(:C, T) >~ Cx_m// C(m”, T”) Cxﬂ_}w/,
T
where C,_,,» denotes the parallel transport (with respect to V¢) along the small segment
of geodesic (for the metric g) joining = to z’. As a consequence, this shows that C(z,T) =
14+0O(d(x,x")) (using our trivialization, we can always see C'(x,T') as a matrix in U(r)) and that
the sections f; defined in this way by parallel transport are Holder-continuous. The existence of

a global orthonormal basis fi, ..., fr shows that &€ — M is trivial. Moreover, each f; is Holder
continuous and satisfies X f; = 0. By Lemma 4.11, this implies that f; € C®°(M, £).* O

1we are cheating a bit here: if X preserves a smooth measure du, then this is indeed Lemma 4.11. If not,
one has to use more sophisticated tools, see [Jou86, NT98, GL].
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We will apply this Lemma with M := SM when (M, g) is Anosov and the vector bundle is
a pullback 7*& — SM. In the specific case where (M, g) has negative curvature, the previous
Lemma 8.5 combined with Lemma 6.12 (finiteness of the degree of solutions to cohomological
equations) implies that the f;’s all have finite degree. Under the extra-assumption that the
connection V¢ has no CKTs, this implies that they are of degree 0, as follows from the
discussion at the end of §6.1. If this is the case, then the f;’s can be identified with smooth
sections on the base i.e. f; € C*°(M,E) and the equation X f; = 0 is nothing but V¢ f; = 0.
In other words, the sections are all parallel and (€, V¢) is the trivial flat bundle (C" x M, d)
equipped with the trivial connection. We have just proved:

Lemma 8.6. Assume (M, g) has negative curvature and € — M is a smooth vector bundle
equipped with a unitary connection V€. If V¢ is transparent and has no CKTs, then (£, V¢) ~
(C" x M,d).

8.3.2. Examples of transparent connections. There are a lot of examples of transparent vector
bundles on surfaces and on can even classify them [Pat09]. First of all, if (M, g) is an oriented
Anosov surface, then (T'M,V*C) (the Levi-Civita connection) is transparent. This can be
fairly easily seen on a picture (see Figure 7).

Ficure 7. Parallel transport on a closed oriented surface is always trivial along closed geodesics.

The conformal class (g) := {€*?g | ¢ € C*°(M)} defines a complex structure on M i.e.
an atlas (Uy, ¢o), with U, C C and ¢4 : Uy — ¢o(Uy) C M such that the transition maps
bap = ¢El¢a are biholomorphisms (when they are defined), see [Tr092, Chapter 1]. As a
consequence, M carries a canonical line bundle x which is spanned in local coordinates by
the section dz. The Levi-Civita connection induces a connection on # (still denoted by V¥©)
and it is easy to prove (using that T'M is transparent) that x is also transparent. Of course,
r equipped with V™ is not isomorphic to the trivial line bundle with the trivial connection,
which also shows that there are indeed non-trivial examples of transparent connections. In
the same vein, any vector bundle constructed out of x will also be transparent, for instance
k1 @k (here k! denotes x* the dual line bundle, following the usual conventions). One can
even prove the following (see [Pat09]):
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Lemma 8.7. If (M, g) is an Anosov surface and (£,V%) is transparent, then c1(&) is divisible
by 2g — 2 (the Euler characteristic of M ).

The proof is a simple application of the Gysin sequence. Actually, one can even go further
and there is a classification Theorem for transparent connections on negatively-curved sur-
faces (see [Pat09, Theorem B|). Despite a satisfying description of transparent connections on
surfaces, the higher dimensional case is still not very well understood. In particular, it is not
even clear if there are examples of non-trivial transparent connections in higher dimensions.

Question 8.8. Are there examples of transparent connections (&, V¢ ) that are not isomorphic
to the trivial bundle (with trivial connection) when dim(M) > 37

8.4. Opaque connections. This paragraph is a preparation for the discussion of §8.5 on the
holonomy problem in higher rank.

8.4.1. General discussion. In this paragraph, we go back to the general case of a vector bundle
& — M over a smooth manifold carrying an Anosov flow (¢;):cr and introduce the notion of
opaque connections. Once again, keeping in mind the geodesic case M = SM, we will assume
for the sake of simplicity that X preserves a smooth measure d.

Definition 8.9 (Invariant subbundles). We say that a smooth vector subbundle F C & is
invariant (with respect to the flow (¢4);cr and the connection V) if for any x € M, f € Fy,
one has C(x,t)f € F,(,) for all t € R.

Opaque connections are such that parallel transport along flowlines of (¢;)ier does not
preserve any invariant subbundles (except the trivial ones £ and {0}):

Definition 8.10 (Opaque connections). Let M be a smooth manifold carrying an Anosov
flow (¢¢)ier and & — M be a smooth vector bundle. We say that a connection V¢ on & is
opaque if any invariant subbundle F C & is trivial i.e. F = & or {0}.

It will be convenient to work with the connection V() induced by V€ on the vector
bundle End(€) — M. This connection si defined in the following way: if f € C*°(M, &) and
u € C*®(M,End(£)), then

Ve (uf) = VEME (u) f + uVE . (8.8)

Since V¢ is assumed to be unitary, we have VE?4(€) is unitary and X preserves du, so Viﬂd(s)

is formally skew-adjoint. As a consequence, the Pollicott-Ruelle resonant states of Viﬁd(s)
at 0 are smooth, as follows from the discussion of §4.4. Moreover, they always contain the
section 1g¢ because

vEE) 1, .
We want to investigate what are the other resonant states at 0 of Vind(g) and what does their
existence imply. The following observations are immediate:

Lemma 8.11. The following hold for a subbundle F C &:

(1) If F is invariant, then so is F* (defined pointwise by taking the orthogonal subspace).
(2) F is invariant if and only if for all f € C®°(M,F), V& f € C®(M,F).
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(3) F is invariant if and only if Viﬂd(s)ﬂf = 0, where Ilx denotes the pointwise orthog-
onal projection onto F.

Proof (1) Assume F is invariant and consider + € M and fo € Fy. For t € R, consider
1€ ou(z)> Since F is invariant, it can be written as f1 = C(z,t) f1, for some f; € F,. Then:

(f1,C(x,t) f2) 7, = (Cla,t) f1, Cla, 1) f2) 7,y = (f1, f2)F, =0
and thus C(x,t)fo € F- ou(z) that is F+ is invariant.

(2) Assume that F is invariant. Consider f; € C*°(M, F) and x € M. Consider fy € F;-
and extend fz by parallel transport along (¢1())se(—c,e) for some € > 0. By the first item, fo
is a section of FL. Thus:

X - (f1, fo)e(x) = 0 = (VX f1, fo)e, + (f1. VX f2)en
~——

=0

and thus in particular (Vi f1, f2)e, = 0. Conversely, assume F is a subbundle of £ such
that for all f; € C®(M,F), Vxfi € C®°(M,F). This is also true for F*: indeed, if fo €
C®(M, F1), then (f1,Vxfo)e = X - (f1, f2)e — (Vxfi, f2)e =0, ie. Vxfa € C®°(M,FL).
Now, consider xg € M, a local chart Uy, around z¢, and a local orthonormal frame (ey, ..., e,)
of €ly,, = Uz, x C'such that (e1,...,ex) is a frame for Fly, and (eg+1,...,e,) a frame for
FL\UZ . On U,,, the connection can be written as V¢ = d + T'. We claim that for ev-
ery @ € Uy, I'(X)(Fz) C Fo. Indeed, consider f = S | fiei € F, and smooth functions
f1, . ,fk defined around g such that dfl( ) =0 and f;(aj) = f;, and set f:: Zle ]A";ei. Then

V& f(x) = T(X)f(x) = T(X)f € F, by assumption. Analogously, [(X)(FL) C Fi- for every
x € Ug,. We then obtain that for f € £, and = € Uy, writing f(t) := C(x,t)f = (f1(t), f2(t))
with (f1(1),0) € Fo,(2), (0, fa(t)) € .7-';;(1), we have two separate differential equations for the
parallel transport: f1(t) = =Lz (t) f1(t), f2(t) = =T £ (t) f2(t). As a consequence, if fo(0) = 0,
then fo(t) = 0 for all ¢. This proves the claim.

(3) Assume F is invariant. Then any f € C°°(M,€E) can be decomposed as f = fi + fo,
where fi =Ilzf, fo = Il f and by the second item:

(VRUOMR) f = VE(Irf) — TRV S) = VS - (VS S+ VS f2) Vi = Vifi=0.
€F e]—'l

Conversely, if Viﬂd

€ )H; = 0, then for any f € C°°(M, F), one has
0= (VYOlr) f = V& f = TLR(V5 ),

that is V& f € C°°(M, F) so F is invariant by the second item. O

Ifu € C°(M,End(£)), then u = ur +uy, where ug := “+“ is hermitian and uy := “_2“* is

skew-Hermitian. Since VEnd(g)( ) = (Vind(g)u) one obtalns that Vind(g)u = Vind(g)uR +
Vi )y, 7 is the decomposition into Hermitian and skew-Hermitian parts of Viﬂd(s)u. Thus,
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End(€)
Vy
other words,

ker(VndE)y . = (ker(VEnd( )Y A ker(e* — ]lg))R@ix <ker(VEnd( )Y A ker(e* — 15))R, (8.9)

End(€)

u = 0, if and only if u = u1 + dug, where Vy u; = 0 and u;‘ =uj for j =1,2. In

where the subscript R or C indicates that it is seen as an R- or C-vector space. We have the
following picture:

Lemma 8.12. Ifu € ker(VEnd(g)), u = u*, then:

e At each point x € M, there exists a smooth orthogonal splitting &, = ©F_E;(x) such
that each &; is invariant and & — M is a well-defined subbundle of £ — M,

e Forall x € M, u( ) = Zle Nill;(z), where I1;(z) is the orthogonal projection onto
Ei (with kernel @J 1,j2:€i), Ai are the distinct eigenvalues of u,

e FEach projection satisfies VEnd( )Hi =0.

Proof. Consider a dense orbit O(zp), and a basis (e;);_; of £|p(a,) that is invariant by parallel
transport along the orbit. Then u can be written as u = >,
functions \;; € C*°(O(zo)) and:

ij=1Xij€; ® ej for some smooth

End(€)

VX = Z )(V/\Z‘jezk Ke;+ Z )\ij(VXei)* Ke;+ Z )\ije;‘ ® Vxej

3,j=1 3,j=1 3,j=1

-
= Z )()\ije;k ®e; =0,
ig=1
thus \;; are constant along O(zo). This implies that the distinct eigenvalues of u are constant
along O(x) and thus constant on M (the eigenvalues counted with multiplicity are continuous
on M, thus uniformly continuous since M is compact; since they are constant on a dense set,

they are constant everywhere). We denote the distinct ones by A1, ..., \x and introduce for all

r € M:

IL;(z) == o (u(z) — Nile)~tdA,
i

where 7; is a small (counter clockwise oriented) circle around A;. One has: u = ), AII;.
Observe that

vind@ - L () = A1) (VRO (@) = Aile)) (u(x) = Aile) ' = 0.

We have the following characterization of opaque connections:

Lemma 8.13. The connection V¢ is opaque if and only if the Pollicott-Ruelle resonant states

of Vind(g) are reduced to 1g i.e. ker(VEnd(‘g [ny) =C- 1g.

Proof. “ =7 Assume that the connection is opaque and ker(VEnd(g

can consider 0 # u € ker(Vind

everywhere on M).

|15 ) # C- 1g, then one

|#5.) which is orthogonal to C - 1¢ (i.e. its trace vanishes
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Taking its self-adjoint or i times the skew-adjoint part, by the previous discussion we
may additionally assume u* = w and v # 0. By Lemma 8.12, it can be decomposed as
u = Zle AiIT;, where each II; is the orthogonal projection corresponding to an invariant
subbundle & — M, i.e. Vind(g)ﬂi = 0. Observe that since Tr(u) = 0, this decomposition
cannot be the trivial one i.e. £ = £ @+ {0} (in which case u would be a multiple of 1¢). Thus,
&1 is an invariant subbundle which is neither {0} nor £ which contradicts the fact that the
connection is opaque.

“ «<=" Conversely, if the connection is not opaque, then it admits an invariant subbundle
F and £ = F @ F* is an invariant decomposition. The orthogonal projection Il satisfies
Vind(g)l_[]: = 0 by Lemma 8.11, thus ker(Vind(g)mi) #C- 1¢. O
8.4.2. Geodesic case. We now consider the case where M := SM, (M, g) is Anosov and X is
the geodesic vector field. First of all, we have:

Theorem 8.14 (Cekic-L. '20). Let (M, g) be an Anosov Riemannian manifold and € — M
be a smooth vector bundle. Then, for a generic unitary connection V€ on &, the pullback
connection V¢ on 7w — SM is opaque (with respect to the geodesic flow).

As a consequence, if (M, g) is Anosov, we say that a connection is generic if it is opaque.
The proof of the previous Theorem is out of scope of the present survey and we refer to [CL20)]
for a proof. In negative curvature, this is a consequence of the stronger result:

Theorem 8.15 (Cekic-L. '20). Let (M, g) be a negatively-curved Riemannian manifold and
E — M be a smooth vector bundle. Then, for a generic unitary connection V€ on &, the
induced connection VF*UE) on End(E) — M has no twisted CKTs (except the trivial one lg ).
In particular, 7 V¢ is opaque on SM.

Proof. Generic absence of twisted CKTs for the induced connection VE24(€) is proved in [CL20,
Theorem 1.3| and relies on the notion of pseudodifferential operators of uniform divergence type
(see |CL20, Definition 3.3]). As this is a bit out of scope of the present survey, we omit the
proof. We claim that absence of twisted CKTs for VEr(€) implies that the connection is
opaque. Indeed, if not, then by Lemma 8.13, there is a smooth Pollicott-Ruelle resonant state
u#0andu ¢ C-1g at 0 for the operator (7*VEM(E)) v ie (7*VE(E)) vy = 0. By Lemma
6.12, deg(u) < oo, thus u = ug + ...uny and X uy = 0 (where X := (7*VEd() ). Absence
of twisted CKTs implies that N = 0 and uy = ¢ - 1¢ for some constant ¢ # 0. This is a
contradiction. O

8.5. General results in higher rank. We now discuss the general Question 8.2 in higher
rank, namely does the holonomy of a connection over closed geodesics determine the connection
up to a gauge-equivalent factor? The first answer one can come up with is negative: in
[Pat11], Paternain shows that if (M, g) is a negatively-curved surface, on the trivial bundle
C? x M — M, there are continuous families of non-gauge equivalent connections that are
transparent. This already shows that the situation in higher rank (i.e. rank(€) > 2) is
dramatically different than for line bundles (see Theorem 8.3). As a consequence, without any
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further assumption on the connections, one cannot expect similar results to Theorem 8.3 and
8.4 to hold.

Nevertheless, there is some hope to obtain a local result for a generic connection, and this is
where the results of §8.4.2 come into play. In the following, given a negatively-curved manifold
(M, g), we will say that a connection is generic if the induced connection on End(€) — M
has no twisted CKTs, see Theorem 8.15.

Theorem 8.16 (Guillarmou-Paternain-Salo-Uhlmann 16, Cekic-L. ’20). Let (M,g) be a
negatively-curved manifold and € — M be a smooth vector bundle equipped with a generic
unitary connection Vg. Then, there exists € > 0,k € N such that the following holds: if
[VE — vguck(MvT*M@End(g)) < & and Holge ~ Holge, then V€ and V§ are gauge-equivalent.

Proof. We denote by Cy (resp. C') the cocycle induced by the parallel transport along flowlines
of (¢1)ter with respect to 7°V§ (resp. 7*V¢). By the smooth Livsic cocycle Theorem 5.11,
we obtain the existence of u € C*°(SM, U(n*£)) such that:

Co(z,t) = u(prz)C(z, tyu(z) .
Evaluating on a section f € C%°(SM, €), applying (7*V§)x and then taking ¢ = 0, we obtain:
0= (= Vg™ @) xu) u'f + u(m V) x (CC, ™ F) limo

= <(7T*V0End(£))xu) w4 u(w*Vg + (W*Vg — W*Vg))X (C(-, t)u_lf) li=o

= ((W*VOEnd(g))Xu) T ) (W*Vg — W*VE)X uw L,
=1 A

where A := V¢ — VS. In other words, we obtain:

End(€)

(m*Vq Jxu—u-mfA=0, (8.10)

Observe that we can introduce the connection D4 on End(€) — M defined by Dju :=
VOEnd(g)u — uA and (8.10) is nothing but:

(m*Dy)xu = 0.

This is a twisted cohomological equation. By Lemma 6.12, we know that v has finite degree.
Moreover, by assumption Vg is generic and thus VOEnd(g) has no twisted CKTs of degree
m > 1. By mere continuity, this also implies that D4 has no twisted CKTs of degree m > 1
as long as A is small enough in some C*(M,T*M ® &) (for k > 2). Thus u is of degree 0 and

(8.10) can be rewritten as

Vgnd(g)u —uA =0,

that is the connections are gauge-equivalent. O
It seems that the right assumption for the previous Theorem to hold would be that of an

Anosov manifold (M, g) endowed with a generic connection Vg i.e. such that W*V‘g is opaque,
see Theorem 8.14. Nevertheless, this is still an open question at the moment.
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Question 8.17. Can one prove a similar statement to that of Theorem 8.16 with the sole
assumptions that (M, g) is Anosov and Vg is generic, i.e. the induced connection VOEnd(S) is

opaque?

We end this paragraph, with a stability estimate for this problem, in the same vein as
Theorem 8.4, and which can be found in [CLb]. First of all, we introduce a distance on
cocycles, up to conjugacy:

dist(Cq, Cy) := inf sup 1/Tx||Ci(z,T 2)Cs(z, T)p(2) ! g 8.11

@)= dnf s 1/TXGET) ()l Dp) ) Ll (811
It is not clear wether this infimum is achieved. Nevertheless, if dist(C,C2) < e then there
exists a unitary p € C°(M, U(7*E)) such that

IC1(2,T) (p(2)Ca(z, T)p(z) 1) " = g < €T,

for all T-periodic points z € SM. We now introduce a distance on the moduli space of
connections up to gauge-equivalence which is similar to what we did already for line bundles
(see (8.4)):

A(VE,VE) = inf —1yEndE) ) L (8 — V)| e
(VEV5)= _int O (9 - V)

We then have:

Theorem 8.18 (Cekic-L. ’20). Let (M, g) be a negatively-curved manifold and € — M be
a smooth vector bundle equipped with a generic unitary connection Vg, Then, there exists

7,6,C > 0,k € N such that the following holds: if | V¢ — Vg”ck(M’T*M@End(g)) < g, then:
d(V§, V) < C x dist(Cy, C)T,

The idea of proof is more involved than the line bundle case (see Theorem 8.4) and uses
in a quite tricky way the theory of Pollicott-Ruelle resonances. We refer to [CLb] for further
details.

8.6. Transparent manifolds. We now discuss a very particular case of transparency. We
restrict ourselves to the study of the vector bundle (7'M, V©) endowed with the Levi-Civita
connection and introduce the following terminology:

Definition 8.19. We say that the manifold (M, g) is transparent if the tangent vector bundle
(T M, VC) equipped with the Levi-Civita connection is transparent.

Of course, any oriented surface is transparent, see Figure 7. In higher dimensions, flat tori
are transparent for instance. One can legitimately conjecture that there are no transparent
manifolds in negative curvature, and more generally, as long as the geodesic flow is Anosov, in-
sofar as the chaotic properties of the flow should generate holonomy in the transverse direction
to the flow.

Conjecture 8.20. Assume (M, g) is an Anosov manifold of dimension > 3. Then, (M, g) is
not transparent.

It is straightforward to check the following:
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Lemma 8.21. A transparent manifold is 2—,4— or 8—dimensional.

Proof. Indeed, if the manifold is transparent, then #*T'M — SM is trivial by Lemma 8.5
and trivialized by a global (e, ...,e,) such that e; € C°(SM,n*TM), (7*V)xe; = 0 and
the e; are pointwise orthogonal (by Lemma 4.12). Observe that the tautological section
s(z,v) := v is always in the kernel of X := (7*V)x and so we can always assume that
e1 = s, and ex(x,v), ..., en(x,v) are orthogonal to v. As a consequence, for fixed x, the vector
fields (ea(x,+),...,en(x,)) are tangent to the (n — 1)-dimensional sphere S, M and pointwise
orthogonal. This implies that the (n—1)-dimensional sphere is parallelizable, hence n—1 = 1,3
or 7. U

For the moment, Conjecture 8.20 is an open question but a first step could be to study the
case of negatively-curved manifolds. Also observe that non-transparency is an open condition
(in the set of C2 metrics). The only cases that are known are the following (see [CLa])

Theorem 8.22 (Cekic-L. '20). Let (M, go) be a hyperbolic metric on a 4- or 8-manifold.
Then, there is an open C?-neighborhood of go such that there are no transparent manifolds in
this neighborhood.

The proof is rather simple although non elementary and relies on the following crucial fact
(recall that X := (7*V)x):

Lemma 8.23. If X has no CKTs of degree m > 2, then (M, g) is not transparent.

Proof. The absence of CKTs of degree > 2 imply that the e; are of degree at most one. We
now show that they are of degree exactly one, namely they have no zeroth Fourier mode in
their spectral decomposition. We argue by contradiction, and consider f € C*(SM,7*T M)
such that Xf = 0. Such a f has Fourier degree < 1. Since X acts diagonally on odd/even
Fourier modes, we can write f = fo + f1 and Xfy = Xf; = 0. Now, fy can be identified
with a section fo € C°°(M,TM) and the equation X fo can be rewritten as V fy = 0. Using
the musical isomorphism f : TM — T*M, fy can be identified with a one-form « such that
Va = 0. Hence: m5Va = X7ja = 0. By ergodicity of the geodesic flow, this implies that
mja is constant but since 7ia(x, —v) = —wja(x,v), this implies that « = 0. Hence f = f; is
a pure mode of degree 1.

As a consequence, the section e; for ¢ > 2 are of pure degree 1. It is easy to see that
this implies the existence of section R; € C°°(M,End(TM)) such that e;(z,v) = R;(z)v,
for all (z,v) € SM. Moreover, using some ingredients from Clifford algebra theory, one can
prove that Xe; = 0 actually implies that the R; are parallel, namely VE(ITM)R: — 0. As
a consequence, the triple (Rg, R3, RoR3) endows (M, g) with the structure of a hyperkéhler
manifold and this implies that the manifold is Ricci-flat (see [CLa, Section 2.1] for instance).
Hence it cannot be negatively-curved. O

In order to prove Theorem 8.22, we indeed prove that in the case of a hyperbolic manifold,
there are no CKTs of degree m > 2 for the Levi-Civita connection. The proof simply relies on
Lemma 6.13 as one can compute in an explicit fashion in this case the norm ||[F7M ||« for a
hyperbolic manifold. Nevertheless, one can legitimately believe that this Lemma 6.13 is not
sharp and that one could prove that there are no CKTs for this connection of degree m > 2.
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9. OPEN QUESTIONS

We conclude this survey by summing up all the open questions:

On the Livsic theorem:

e Can one prove an approximate version of the Livsic theorem (both in the Abelian case
or in the cocycle case) in high regularity?

e Can one prove a positive version of the Livsic theorem (in the Abelian case) in high
regularity?

On the marked length spectrum:

e Can one prove the global rigidity of the marked length spectrum on Anosov surfaces?
on negatively-curved manifolds? on Anosov manifolds?

e What can be said about the (infinite-dimensional) moduli space of isometry classes
endowed with the general Weil-Petersson metric? Does it have negative sectional
curvature for instance?

On Anosov manifolds:

e Are there no CKTs on the trivial line bundle of Anosov manifolds?

e Let £ — M be a vector bundle over the Anosov manifold (M, g) equipped with a
unitary connection V¢ and let X := (7*V¢)x. Does any smooth element in ker(X)
has finite Fourier degree?

In particular, a positive answer to these two questions would imply the injectivity of the
X-ray transform I,,, for any m € N, which we also formulate as a question:

e Is the X-ray transform I,,, s-injective on Anosov manifolds? Can one prove generic
s-injectivity?
This is only known for the moment in the cases m = 0,1 [DS03]. In particular, for m = 2,

this would prove that Anosov manifolds are locally rigid with respect to the marked length
spectrum. We also indicate a question here which might be easier to answer:

e Is the twisted X-ray transform generically injective (with respect to the connection)
on Anosov manifolds?

On twisted Conformal Killing Tensors:

e Given a fixed vector bundle & — M, equipped with a unitary connection V¢, it is true
that generically with respect to the metric g, there are no CKTs for V€7

e Let (M, g) be a negatively-curved manifold. Can one prove that V¢ has no CKTs of
degree m > 27 What if (M, g) is only Anosov?

A positive answer to the last question would prove that there are no transparent manifolds,
except surfaces.

On transparent connections and holonomy problems:

e Are there examples of non-trivial transparent connections on Anosov manifolds of
dimension n > 37



76

THIBAULT LEFEUVRE

e What are the optimal assumptions to formulate in order to obtain rigidity in the
holonomy problem? What about stability estimates?
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Appendix
APPENDIX A. ELEMENTS OF MICROLOCAL ANALYSIS

A.1. Pseudodifferential operators in R"™. We first recall the definition of pseudodifferen-
tial operators in the Euclidean space R"™. We start with the usual classes of symbols.

Definition A.1. Let m € R, p € (1/2,1]. We define S7*(R") to be the set of smooth functions
p € C°(T*R"*1) such that for all o, 8 € N:

o= Sup sup (&)~ 192 0 p(a, €)] < oo, (A1)
o] <ou|B|<B (xR

Ip|

where (£) = /1 + [£]2. For p =1, we will simply write S™(R").

This class is invariant by the action by pullback of properly supported diffeomorphisms.
As a consequence, they are intrinsically defined on smooth closed manifolds. Namely, if
M is a smooth closed manifold, then p € S™(M) if and only if, in any local trivialization
¢ :U — ¢(U) C R" (where U C M is an open subset), xo.px € S™(R™), where y is any
cutoff function supported in ¢(U). These classes of symbols form a graded algebra of Fréchet
spaces (for each m € R) with semi-norms given by (A.1).

Remark A.2. The order m € R is fixed in the previous definition but it can actually be chosen
to vary. This is used extensively is Section 4. Namely, if m € S°(R"), then we define SpHR™)
to be the set of smooth functions p € C°°(T*R"*1) such that for all indices «, 3, there exists
a constant C,g > 0 such that:

V(z,6) € T'R",  |0290p(x,€)| < Cop()m@S)=rlal+(=pIA]

We refer to [FRS08] for further details. This class of symbols will appear in the proofs of the
meromorphic extension of the generator of Anosov flows. It enjoys the usual features of more
classical classes of symbols like the parametrix construction for instance, which are described
below.

We say that P is a pseudodifferential operator of order m € R on R" if there exists p €
S™(R™) such that for any function f € C°(R"™):

Pra) = [ [ (e 6 f )y (42)

This integral does not converge absolutely and has to be understood as an oscillatory integral:
for further details, we refer to [Abel2, ShuOl]. In this case, we write P = Op(p) and we say
that the operator P is the quantization of p. We denote by U™ (R™) the set of pseudodifferential
operators of order m and we set U~>°(R") := N,er ¥ (R™). These are operators with smooth
Schwartz kernel (and fast decay at infinity off the diagonal {x = y} in R™ x R™). Eventually,
we denote by op : U(R") — S™(R™)/S™~1(R") the principal symbol of P, defined by

op(w,€) = lim he” M P(eB) (x),

for (z,&) € T*R™, if S : C*°(R"™) is such that dS(z) = &.
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The space ¥ (R") is in one-to-one correspondance with S™(R™) (see [Mel03, Theorem 2.1])
via the quantization formula (A.2). This allows to transfer the Fréchet topology of S™(R") to
the space U™ (R™). As a consequence, W™ (R™) is a Fréchet space endowed with the topology
given by the semi-norms of its full symbol (A.1).

A symbol p € S™(R™) is said to be globally elliptic if there exists constants C, R > 0 such
that:

Vig[ = RVz eR", [p(z,£)| = CE™.

It is said to be locally elliptic at (xq,&o) if there exists a conic neighborhood V' of (z¢, &)
such that:

V(z,§) eV [§l = R, [p(x, )] > C{E)™

Given P € U™(R"), we say that it is locally elliptic at (zg,&p) if its principal symbol op is.
We denote by ell(P) the set of points (zg,&y) € T*M at which P is locally elliptic. Note that
this is by construction an open conic subset of T*M \ {0}.

A.2. Pseudodifferential operators on compact manifolds. We now move to the case
of pseudodifferential operators on a smooth closed manifold M. There is no intrinsic way of
defining pseudodifferential operators on compact manifolds (although some constructions may
look more natural than others, there is always a part of choice in the definitions) but what is
important is that the resulting class of operators W (M) obtained in the end is independent
of all the choices made. Moreover, all the important features of the calculus (principal symbol,
ellipticity) are independent of the choices made in the constructions.

We consider a cover of M by a finite number of open sets M = U;U; such that there exists
a smooth diffeomorphism ¢; : U; — ¢;(U;) € R™*1. By assumption, since M is smooth, the
transition maps ¢io¢j_1 are smooth whenever they are defined. We consider a smooth partition
of unity ), ®; = 1 subordinated to this cover of M and smooth functions ¥; supported in each
patch U;, defined such that ¥; = 1 on the support of ®;. We call these elements (U;, ®;, ¥;);
a family of cutoff charts.

Definition A.3. A linear operator P : C*°(M) — C*°(M) is a pseudodifferential of order
m on M if and only if there exists a family of cutoff charts (U;, ®;, ¥;); such that, in the
decomposition

P= Z U PD; + (1 — ;) PD;, (A.3)

the operators ¥; P®; can be written in coordinates

ViP®if (7 (x)) = i Op(p)ifi(w), (A4)
for some symbols p; € S™(R"1) (Op being the quantization (A.2) in Euclidean space), where
x € ¢i(Uy), fi := fop;t and f € C®(M) is arbitrary, ¢; := W; 0 ¢; 1, ¢; := ®; 0 ¢; ' and the
operators (1 — ¥;) P®; have smooth Schwartz kernel. We denote by ¥ (M) the class of such
operators.

15y is an open conic neighborhood of (z0, &) of T*R™ \ {0} if it is open in T*R™ \ {0} and contains for
some € > 0 small enough the set of points (z,&) € T*R™ \ {0} such that |z — zo| < € and |£/|¢] — &o/|&o]| < e.
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Another formulation is the following: if one chooses a family of cutoff charts, given a symbol
p € S™(M), (A.4) provides a formula of quantization Op(p) (which depends on the choice of
cutoff charts). Then the equality

U"™(M)={Op(p)+R|peS™(M),Rc ¥ >(M)}

holds (here R is a smoothing operator, that is an operator with smooth Schwartz kernel), that
is any other choice of cutoff charts produces the same class of operators. Note that once a
family of cutoff charts is chosen, the decomposition (A.3) of P is unique and one can endow
the Fréchet space W (M) with the semi-norms in local coordinates

1Pllassy = Ipillas + 11— ) Py, (A.5)
%

where ||p;i||o, is given by (A.1) and, confusing (1 — ¥;) P®; with its smooth Schwartz kernel,
we define for K € C*°(M x M) the semi-norms:
|K|:= sup sup ]8%8§K(x,y)]
il +lk| <y zyeM

The principal symbol map o, : ¥™(M) — S™(M)/S™ (M) is a well-defined map, inde-
pendent of the quantization chosen. Let us recall some elementary properties of pseudodiffer-
ential operators:

Proposition A.4. (1) If P € V™(M), then P : H¥(M) — H*™(M) is bounded for all
s €R,
(2) If P € \I/m1<M),P2 € \I/m2<M), then Py o Py € \I/mlerQ(M) and OPioPy, = 0P, 0Py,

An operator R € U~°°(M) is bounded and compact as a map H"(M) — H*(M), for all
s, € R. We now fix a smooth density du on M. Every operator can be associated to a formal
adjoint P* : C*°(M) — C°°(M) which is also pseudodifferential and defined by the equality:

(Pf1, f2) r2(vap) = (1o PTf2) 2 (vap) (A.6)

where f1, fo € C°(M). We say that P is formally selfadjoint when P = P*. Note that the
adjoint P* depends on a choice of (smooth) density du. This necessary choice can be overcome
by working with half-densities instead of functions but this will not be needed here.

Proposition A.5. If P € W™ (M) is globally elliptic, there exists Q € W~ (M) (also globally
elliptic) such that
PQ=1+R,,QP =1+ Ro,

where Ry, Ry € W~°°(M). Moreover ker(P) C C°°(M), it is finite-dimensional and ran(P|ceo(pr)) C
C>®(M) has finite codimension which coincides with that of ker(P*). It is therefore Fredholm
and the Fredholm index of P is the integer:

ind(P) := dimker(P) — dimker(P*) < oo
In particular, if P is formally selfadjoint, then ind(P) = 0.

We will denote by C~>°(M) := Uger H®(M) the space of distributions. The following lemma
on elliptic estimates is crucial:
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Lemma A.6. Let P € V(M) be an elliptic pseudodifferential operator. For all s,r € R,
there ezists a constant C' := C(r,s) such that for all f € C~°°(M) such that Pf € H5"™(M):

1fllas < CUPfllgs—m + | fllar)
Moreover, if P: H*(M) — H5~™(M) is injective for some (and thus any) s € R, then:

I fllzrs < CIPf| grs—m

Proof. Let Q@ € W~™(M) be a parametrix for P, i.e. such that QP = 1 + R, where R €
WU~>°(M). Then:

[ llzs SNQPfllas + 1R s S NP fllprs-—m + [ f ]|z,
since R: H"(M) — H*(M) is bounded and @ : H~" (M) — H*(M) is bounded.

We now assume that P is invertible and we take r = s. Assume that the bound || f||gs <
I|P f |l zs—m does not hold, so we can find a family of elements f,, € H*(M) such that || || zs =
1 and || follgs = 1 > n||Pfollgs—m. So Pf, — 0in H*™(M). But R : H*(M) — H*(M)
is compact and (fy)nen is bounded in H*(M) so we can assume (up to extraction) that
Rf, — v € H*(M). By the elliptic estimate

[ fallzs S NP fallgs=m + [|1Rfnl s,

we obtain that (f,)nen is a Cauchy sequence in H*(M) which thus converges to w € H*(M).
But by continuity of P, Pf, — 0 = Pw so w = 0 since P is injective. This is contradicted by
the fact that ||w||gs = 1. O

Eventually, we recall Egorov’s Theorem, in a weak version:

Lemma A.7 (Egorov’s Theorem). Let a € S™(M) and F' : M — M be a smooth dif-
feomorphism. Let F : T*M — T*M be the symplectic lift of F, defined by F(x,§) =
(F(z),dF(z)~" - €), where =T denotes the inverse transpose. Then:

F*Op(a)(F~Y)* = Op(ao F) € ¥ 1(M).

As usual, one can define pseudodifferential operators P : C*°(M, E) — C*°(M, F') acting on
vector bundles F, F — M by taking local coordinates and matrix-valued pseudodifferential
operators in these coordinates. All the results previously stated still hold in this general
context. The principal symbol is then a map op : T*M — Hom(FE, F) and ellipticity is
replaced by invertibility of op(z,£) (as a linear map E, — F;) for large || — oo. When
the vector bundles E and F' have different ranks, ellipticity is replaced by injectivity of the
principal symbol with a coercive estimate, that is

lop(z, )l ~r = CE™,

for [£| > R,C > 0. All the results also hold with very few changes when m has variable order.

A.3. Wavefront set of distributions.
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A.3.1. Definition.

Definition A.8 (Wavefront set of a distribution). Let v € C~°°(M). A point (zg,&) €
T*M \ {0} is not in the wavefront set WF(u) of w, if there exists a conic neighborhood U
of (zo,&p) such that for any smooth functions x € CX(n(U)) (x : T*M — M being the
projection), in any set of local coordinates, one has:

VN eN,  sup[xu(§)[l¢|V < oo.
celU

This is well-defined i.e. independent of the choice of coordinates. An equivalent definition
is that (x0,&n) ¢ WF(u) if and only if there exists a pseudodifferential operator A of order
0 microlocally supported in the conic neighborhood U, elliptic at (zg,&p) such that Au €
C>°(M). By construction, the wavefront set of a distribution is a conic set in T*M \ {0}. We
will say that u € C~°°(M) is smooth at (zo,&o) if (z0,&0) ¢ WF(u).

If 2: Y — M is a smooth submanifold of M, then the conormal to Y is the set
N*Y ={(z,§) e T*"M |VYx € Y,VZ € T,Y,({,Z) =0} CT*"M
It is a smooth vector bundle over Y. We will say that a distribution u € C~°°(M) is conormal
to Y it WF(u) C N*Y.

Example A.9 (Surface density). Let ¢ : Y — M be a submanifold. If o is a smooth density
on Y, then o can be seen as a distribution & € C~°°(M) on M by setting (7, f) := (o, fly),
for f € C°°(M). Then WF(¢) = N*Y, i.e. 7 is conormal to Y.

Indeed, by taking local coordinates, the computation actually boils down to considering
the case 0 = ¢(x)é(z’ = 0), with 2/ € R* % 2 ¢ R¥, where M ~ R" and N ~ {2/ =0},
¢ € C®(RF). But then, for y € C°°(R") localized in a neighborhood of (x,0), and denoting
n=(¢&),e: (z,2) — e (@) one has:

Xo(&,€) = (7, xen) = . ¢(@)x(x,0)e™ dx = O([n| =)'
by the non-stationary phase lemma, unless £ = 0. Thus
WF(7) = {(o,g’),g' e Rk {0}} — N'R
We can refine the definition of the wavefront set in order to evaluate the frequency behavior
of the distribution at infinity:
Definition A.10 (H*-wavefront set). Let u € C~*°(M). A point (z,§) ¢ WEFs(u) if there

exists a conic neighborhood of (x, £) and a pseudodifferential operator A of order 0 microlocally
supported in this conic neighborhood, elliptic at (z,&) such that Au € H*(M). We will say
that uw € C7°°(M) is microlocally H® at (z0,&o) if (x0,&0) ¢ WFs(u).

Example A.11. Let Jg be the Dirac mass at 0 in R™. Then
WF—n/Q((SO) = {(075)75 eR" \ {0}} ’
but WF(8p) = 0 for all s < —n/2.

16By this, we mean that for all N € N, there exists a constant Cx > 0 such that the right-hand side is
bounded by Cy|n|~"
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A.3.2. Elementary operations on distributions. We now introduce the multiplication of
distributions. We will denote by dvol the smooth Riemannian density on M. Given
ug,ug € C*°(M), the (complex) pairing

(uy,ug)c := /M w1 (z)ug (x)d vol(z)

is always well-defined (note that M is compact). We want to understand to what extent this
can be generalized to distributions uy,us € C~°(M).

Lemma A.12. Given uj,us € C~°(M) such that WF(u1) N WF(ug2) = 0, there exists A €
WO(M) such that

WF(u1) N WF(A)!" =0, WF(us) "NWF (1 — A*) = ).
Then:
(w1, ug)c = (u2, Aur)c + (w1, (1 — A%)uz)c
1s well-defined and independent of the choice of A, where the right-hand side is understood as

the pairing of a distribution with a smooth function.

To construct A, one can take A = Op(a) for some a € S°(M) supported in a conic neigh-
borhood of WF(u;) (in particular, a = 0 on WF(uz) since WF(u1) N WF(u2) = () and such
that a = 1 on WF(u1). We do not detail the proof which can be found in [Mel03, Proposition
4.9]. Then the real pairing is just (uj,us) := (u1,uz)c. Since

WF(@) = {(z, =¢) | (z,£) € WF(u)},
it is defined as long as WF(u1) N i(WF(u2)) = 0, where ¢ : T*M — T*M stands for the
involution i(z,§) = (x,—&). This provides the

Lemma A.13. Givenuj,us € C~°(M) such that WF(u1)Ni(WF (u2)) = 0, the multiplication
uy X ug € C7°(M) is well-defined by
Vf e C™(M), (urug, f) == (u1, fuz) = (fu,uz)
and coincides with the usual multiplication for uy,us € C°(M). Moreover:
WF(u1us) € {(2,) | @ € supp(un), (2,€) € WF(uz)}
U{(z,§) | = € supp(uz), (z,£) € WF(u1)}
U{(z, &) [ £ =m +n2, (z,m) € WF(w;),i € {1,2}}

The proof of the first part of the lemma simply follows from the previous computation. As
to the wavefront set computation, it can be done directly in coordinates by using the definition.

We now introduce the pushforward of distributions. Let w : M x N — M be the left-
projection, where N is a smooth closed manifold'®. We denote by (x,%) the coordinates on

175ee Example A.21 below for a definition of WF(A).
180nce again, this can be generalized to the non-compact case, but then one has to consider distributions
with compact support in the product.
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M x N, dz and dy are smooth measures on M and N. The pushforward m,u of a distribution
u € C~°°(M) is defined by duality according to the formula:

VfeC¥(M),  (mu,f):=(u,7"f),
where 7*f := f o7 is the pullback of f. In particular, if u € C°°(M x N), this definition
coincides with
meu(z) = / u(z,y)dy
N

The wavefront set of the pushforward is characterized by the following lemma:

Lemma A.14.
WF(mou) C {(z,§) € T*M | Jy € N, (z,§,y,0) € T*(M x N)}

We omit the proof, which can be done directly by using the characterization of the wave-
front set with the Fourier transform. Morally, integration kills all the singularities except the
ones which are really conormal to N i.e. the manifolds along which we integrate.

We now introduce the restriction of distributions. Let 2 : Y — M be the embedding
of the smooth submanifold Y into M. Given u € C~°°(M), the pullback +*u, that is the
restriction of u to Y, is not always well-defined. We denote by Jdy the smooth Riemannian
density obtained by restricting the metric g to Y and then taking the Riemannian volume
form induced. Morally, given f € C®(Y), we want to define (2*u, f) = (u x dy, f), where f
is any smooth extension in a neighborhood of Y (under the condition that the multiplication
u x 0y is defined). Note that by Example A.9, WF(éy) C N*Y.

Lemma A.15. Assume u € C~°(M) satisfies WF(u) N N*Y =0 (so u is not conormal at
all). Then u x §y makes sense by Lemma A.13 and

VEC®(Y),  (tuf)i= ux by, f),
is well-defined, independently of the extension f Moreover,
WE@ u) C{(2,§) € T"Y | 3n € N,Y, (2, (€, ) € WE(u)},
where (§,m) is seen as an element of T, M.
It is actually not obvious that this definition is independent of the extension f of f: the

proof can be done by an approximation argument (see [H03, Theorem 8.2.3]).

We now introduce the pullback of distributions. Let f : M — N be a smooth map between
the two smooth compact manifolds M and N'°. The normals of the map (or the conormal to
f(M)) is the set

Ny = N*f(M) = {(f(x),g) €T*N |z e M,df ¢ = 0}

191f Af and N are not compact, then one has to assume f is proper, i.e. the preimage of a compact subset
is a compact subset.
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The pullback f*u of a distribution u € C~>°(N) is not always defined, whereas that of a
smooth function is. If f is a diffeomorphism, then it is an elementary result that f*u makes
sense in a unique way: this amounts to saying that distributions are intrinsically defined
i.e. are invariant by a change of coordinates. Moreover, the wavefront set of a distribution
u € C~°°(N) is simply moved to

WE(f*u) € f*WF(u) = {(z,€) € T"M | (f(x),df; "€) e TN},
where df~ " stands for the inverse transpose. But if f is no longer a diffeomorphism, if it

maps spaces of different dimensions for instance, then the result may not be obvious.
We consider the graph

Graph(f) :={(z,y)) e M x N |y = f(x)} > M x N

which is an embedded submanifold of M x N (even if f is not a diffeomorphism!). We denote
by my : M x N — N the right-projection and by g : M — Graph(f) the diffeomorphism
g:x— (x,f(x)). Then f = moiog. For u € C~°(N), we thus want to define f*u by
g* o* omiu. So we have to study separately these three maps and understand under which
conditions we can compose them. First, 75u =1 ® u is always defined and

WEF(myu) C {(2,0,9,n) | (y,n) € WF(u)}

In the same fashion, the pullback of a distribution by g* is always so one has to understand
when the restriction +* is defined. But according to Lemma A.15, it is the case if WF(mju) N
N* Graph(f) = 0. Note that

T Graph(f) = {(z, Z, f(z),df(Z)) | (z,Z) € TM} C T(M x N).

Thus N* Graph(f) = {(z,0, f(z),n) | (f(x),n) € N} so " o wju is well-defined if WF(u) N
Ny =0.

Lemma A.16. Letu € C~°(N). If WF(u)N Ny = 0, then f*u := g* or* omju is well-defined
and coincides for u € C°(N) with f*u=wuo f. Moreover,
WF(f*u) © f* WF(u) = {(2,dfT€) | (f(x),€) € WF(u)}.

Example A.17. Let + : M — M x M be the embedding ¢ : x — (x,z) of the diagonal
(M) = A(M) C M x M. Note that N*A(M) = {(z,&,x,—&) | (z,§) e T*M}. Let A :
C*®(M) — C~%°(M) be a linear operator with kernel K 4. Assume

WF(KA)NN*A(M) =10
Then *(K4) € C~*°(M) is a well-defined distribution. We define the flat trace of A by
T’ (A) == (1*(Ka),1).

One can prove that the flat trace is independent of the density chosen on M to define the
Schwartz kernel. If A € W~°°, then A is a compact operator with smooth Schwartz kernel —
in particular, it is trace class and its trace coincides with its flat trace.

This last example is very important to us:
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Example A.18. Let X be a smooth vector field generating a flow (¢;)gr on the manifold
M and consider the propagator U(t) = e *X.
e F() = f(p—_t(+). The flow (¢¢)icr generates a Hamiltonian flow (®¢)ier on T*M given
by ®:(z,€) = (@i(z),dp; ' (€)), where A~T stands for the inverse transpose. Note that ®; is
the flow induced by the Hamiltonian vector field H obtained from the Hamiltonian p(z,§) :=

(X (x),&), which is (¢ times) the principal symbol of X. As a consequence, Lemma A.16

It acts on functions by pullback, namely

describes its wavefront set:

WE (e f) = {@4(,6) | (2,€) € WE(f)}.
Using Lemma A.14, we obtain that for all x € C°(R), if A := [ x(t)e~*¥dt, then:

WEF'(A) € {(®e(x,6), (2,€)) | (2,€) € X, € supp(x)}

In other words, the operator A is smoothing in the flow-direction (since it is obtained by
integration in this direction) and propagates forward singularities (by the Hamiltonian flow
(®4)¢er) in the orthogonal directions to the flow. The operator IT introduced in this manuscript
is morally the operator A with x = 1 on R. This is no longer a FIO: indeed II not only
propagates forward the singularities in the orthogonal directions to the flow, but it also creates
(from scratch) singularities in the stable and unstable bundles EY U E¥.

A 4. The canonical relation.

A.4.1. Linear operators. If A: C*°(M) — C~°°(M) is a linear operator, we denote by K4 €
C~°°(M x M) its Schwartz kernel. We define the canonical relation WF'(A) of A (also denoted
by Ca) by
WEF'(A) == {(2,§,y.m) | (2,8, y,—n) € WF(Ka)}
Given f € C*°(M), using the Schwartz kernel theorem, we know that

Au(z) = (Ka(z, ), u) = /M K 4z, y)u(y)dy,

where this equality has to be understood in a formal sense. By the previous operations
introduced, we can rewrite this as ma, (K4 X m5u), where my : M x M — M is the projection
on the second coordinate. If we want to extend A to C~°°(M), then we have to understand this
decomposition of A in light of the elementary operations seen so far. Recall that 75f =1 ® f
has wavefront set included in {(z,0,y,7) | (v,n) € WF(u)}. As a consequence, K4 X miu
makes sense as a distribution if

WE(Ka) N {(2,0,y,—n) | (y,n) € WF(u)} =0,
and by Lemma A.13:
WF(K 4 x myu) C{(z,&y,n) | y € supp(u), (z,§,y,m7) € WF(K4)}
U{(z,0,y,m) | (z,y) € supp(Ka), (y,1) € WF(u)} (A7)
{(z.&y,m) | y € supp(u), (z, &, y,m) € WF(Ka)}
By Lemma A.14, we know that:

WEF (7o, (K4 x mau) C {(z,§) | Iy € M, (x,&,y,0) € WF(K 4 x mou)}
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As a consequence, in (A.7), the first set in the union of the right-hand side is immediately
ruled-out. We obtain:
WEF (12, (K4 x mou) C {(z,€) | 3y € supp(u), (z,&,y,0) € WF(K4)}

U{(z,¢) | y,n) € T*M, (x,&,y,—n) € WF(Ka), (y,n) € WF(u)}

We introduce the compact notation
WEF'(A) o WE(u) := {(2,€) | 3(y,n) € WF(u), (z,&,y,n) € WF'(4)}

Note that this is precisely the last set on the right-hand side of the previous formula. We
write

WEF(Ka,u)1 = {(z,€) | 3y € supp(u), (2,£,y,0) € WF(Ka)}.
These points are the singularities created by A, no matter the regularity of . In other words,
if u e C>*°(M), then WF(Au) C WF(K 4,u);. We sum up this discussion in the

Lemma A.19. Let A: C®(M) — C~>°(M) be a linear operator. Then A extends by conti-
nuity to a linear map
A {ue C7(M) | WF(K4) N {(,0,y,—n) | (y,n) € WF(u)} =0} — C™>(M)
and WF(Au) C WF (K 4,u); UWF'(A) o WF(u).
As we will see, given a general operator A, there is no practical way to characterize its
Schwartz kernel by testing it against well-chosen distributions (unless we are given other

informations on A). To do this, one has to resort to semiclassical analysis which we do not
want to introduce here.

Example A.20. Let
ACT*(M x M)\ {0} (A.8)

be a conic Lagrangian submanifold (i.e. such that the canonical symplectic form w & —w
vanishes on A). We say that K € C~°°(M x M) is Lagrangian with respect to A if WF(K) C
A. The Fourier Integral Operators (FIOs) are the operators having Lagrangian distribution
kernels with Lagrangian included in 7*M \ {0} x T*M \ {0}*" (and an order condition on the
symbol of their quantification, see [H03, Chapter XXV]). In particular, if A is the Lagrangian
of a FIO A, then

WF(KA)l = {(l’,g) | Ely € M7 (x7£7y70) € WF(KA)} =0

As a consequence, the wavefront set relation in Lemma A.19 is simply: WF(Au) C WF/(A) o
WF(u). Here WF'(A) = {(z,&,y,—1) | (z,&,y,m7) € A} is the canonical relation. In other
words, a FIO does not create singularities from scratch. It may only kill or duplicate (and
propagate) already existing singularities.

Example A.21. If P is a pseudodifferential operator on M, then Kp is a distribution which
is conormal to the diagonal A(M) C M x M, ie. WF(Kp) C N*A(M). In other words, its
canonical relation WF'(P) satisfies

WE/(P) ¢ A(T*M \ {0})

20Note that this is stronger than (A.8).
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We can define the wavefront set of P by
WF(P) = {(2,§) € T"M \ {0} | (z,¢,2,€) € WF'(P)}

This has to be understood in the following way: the operator P is smoothing outside its
wavefront set WF(P). The wavefront set WF(P) is also called the essential support of P
or the microlocal support. If P = Op(p) is a quantization of p € C*(T*M), then WF(P)
coincides with the cone support of p, namely the complementary of the set of directions in
T*M for which p, as well as all its derivatives (both in the x and ¢ variables), decays like
().

A.4.2. Composition of linear operators. If A,B : C*®°(M) — C~°°(M) are linear operators
with smooth Schwartz kernel, then

KAOB(:E’ y) = /M KA(I’, Z)KB(Z7 y)dZ

Using the previous operations, this can be written as Kaop = 7r2*(7r>f72KA X 7r§‘73KB), where
m2(z,2,y) = (z,2),m3(x, 2,y) = (2,y). This formula allows to generalize the composition
to operators with non-smooth Schwartz kernel. Repeating the arguments of Lemma A.19, one
can prove the
Lemma A.22. Assume A and B satisfy the condition

{(2,0) | 3z € M, (x,0,z,—0) € WF(K4)}

N{(z,0) | Iy € M, (2,0,y,0) € WF(Kp)} = 0.

Then, Ao B extends continuously as a linear operator on distributions satisfying Lemma A.19
and

WF/(A o0 B) € WF'(4) o WE(B)
U{(z,£2,0) | z€ M,32" € M, (2,£,7/,0) € WF(K )}
U{(z,0,y,m) | z€ M,3" € M, (,0,y,n) € WF(Kp)}
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